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Abstract 



Let g be a real or complex (finite dimensional) simple Lie algebra and a € Autg. We 
study automorphisms of the twisted loop algebra L{Q,a) of smooth u-periodic maps 
from M to g as well as of the "smooth" affine Kac-Moody algebra L(g,cj), which is 
a 2-dimensional extension of L(g,(j). It turns out that these automorphisms which 
either preserve or reverse the orientation of loops, and are correspondingly called to be 
of first and second kind, can be described essentially by curves of automorphisms of 
g. If the order of the automorphisms is finite then the corresponding curves in Autg 
allow to define certain invariants and these turn out to parametrize the conjugacy 
classes of the automorphisms. If their order is 2 (and g is either compact or complex) 
we carry this out in detail and deduce a complete classification of involutions and 
real forms (which correspond to conjugate linear involutions) of smooth affine Kac- 
Moody algebras. The resulting classification can be seen as an extension of Cartan's 
classification of symmetric spaces, i.e. of involutions on g. For example conjugacy 
classes of involutions of the second kind on I/(g, a) are classified by equivalence classes 
of pairs (£»+, Q-) where q± G Autg are involutions or the identity, and q~-Q+ is conjugate 
to a in Autg/Intg. If g is compact then conjugate linear extensions of involutions 
(and the identity) from L(g,(T) to conjugate linear involutions on i(gC)O'c) yield a 
bijection between their conjugacy classes and this gives existence and uniqueness of 
Cartan decompositions of real forms of complex smooth affine Kac-Moody algebras. 

The affine Kac-Moody algebras introduced by Kac and Moody are isomorphic to a 
2-dimensional extension of the algebra of twisted loops in g whose Fourier expansion is 
finite (assuming a to be of finite order). We show that our methods work equally well 
also in this case when combined with a basic result of Levstein and lead essentially to 
the same results. 
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1 Introduction 

We study in this paper automorphisms of finite order and real forms of "smooth" affine Kac- 
Moody algebras, that is of certain extensions of the algebra of smooth twisted loops (for a 
precise definition see below). These objects have been considered already extensively in the 
algebraic category, where the loops are assumed to have Gnite Fourier expansion ( |BP| . |Kob| . 
[Le^ . [Bml] . [BR] . [RmT] . [Rm2] . [Rm3] . [CoFT] . [Cot2] . [Cot3] . [ASd] . [B^Rl , [KW] . [Bat] . 
[JZ] . |BMR) . [BMR'I ). In particular involut ions and real forms have finally been classified 



in the algebraic case in IB3RI and |BMR| . 

Our approach is very different, much more elementary and direct. It does not use the 
structure theory of Kac-Moody algebras but rather reduces the problems as fast as possible 
to the finite dimensional case. Interesting enough, it also works in the algebraic setting 
and seems to give even there more complete answers and new insights. For example it 
turns out that involutions and real forms of affine Kac-Moody algebras are either in close 
connection with hyperpolar actions on compact Lie groups or else with the group 7ro((Autg)^) 
of connected components of the centralizer of an involution g in the group of automorphism 
of a simple Lie algebra g (cf. Chapter 6). 

To describe our approach and results in more detail, let g be a finite dimensional simple Lie 
algebra over F := M or C and a G Autg be an arbitrary automorphism, not necessarily of 
finite order. We then call 

L{q, a) := {u:R^ Q\u{t + 27r) = au{t),u G 

a twisted loop algebra and L{q, a) := L(g, a)+¥c+¥d a (smooth) affine Kac-Moody algebra. 
Here c lies in the center, d acts on the loops as derivation and the bracket between two loops 
is the pointwise bracket plus a certain multiple of c (cf. Chapter 3). 

An isomorphism : L(g,cr) L{Q,a) between two such algebras induces an isomorphism 
ip : L{q, a) L{q, a) between the loop algebras. The isomorphisms (p or are called 



standard if ipu(t) = ipt{u{\{t))) where A : M M is a diffeomorphism and ipt : Q Q is a 
smooth curve of isomorphisms. Our first main result (Theorem 12. 101) says that isomorphisms 
between loop algebras are always standard. The essential point of the proof consists in 
showing that for each fixed to ^ there exists an sq G M such that (p{fu)(to) = /(sq) -(^uito) 
for all u G L(g, a) and all 27r-periodic smooth functions /. This follows by means of a 
classical theorem of Burnside. In order that ipu{t) is cr-periodic for all u one necessarily has 
\{t + 27r) = \{t) + e27r for some e G {±1} and ipt+2-K = ^'ftO''"- The isomorphism (as 
well as (p if it induces ip) is called of first kind if e = 1 and of second kind if e = — 1, i.e. if 
A is orientation preserving, resp. reversing. Conversely, given A and (ft which satisfy the 
above conditions, the mapping ip : L{g,a) L{Q,a) with (pu(t) = ipt{u{\{t)) defines an 
isomorphism. It extends to an isomorphism between the Kac-Moody algebras precisely if 
X'{t) is constant, i.e. A(t) = et + to for some to G M. Moreover the extension is almost unique 
and this implies that conjugacy classes of automorphisms of finite order on L{q, a) and L{q, a) 
are in bijective correspondence. Thus the study of isomorphisms between affine Kac-Moody 
and loop algebras is essentially reduced to the study of curves of isomorphisms between the 
corresponding finite dimensional simple Lie algebras. This result off'ers the possibility to 
classify automorphisms of finite order up to conjugation in an elementary way, since one 
easily sees how ipt and A(t) change if an automorphism ip of the form ipu{t) = {pt{u{X{t))) 
is conjugated by another automorphism ip with ipuit) = iptiui^iiit))) (Lemma I3.10p . The 
problem that has to be solved then, is to extract an invariant out of ipt and A which does not 
change under these modifications and which determines the conjugacy class. This is done in 
Chapter 4 for automorphisms of the first kind and in Chapter 5 for automorphisms of the 
second kind. To this end we define for each i G {1,2} and each g G N (g even if i = 2) 
so-called sets of invariants 3^(0, cr) as follows: 

5?(fl, (y) ■■= {(p, f?, I p G {0, 1, . . . , g - 1}, G ^^ /3 G (Autg)^ L{q, = L{q, a)] , 
52*^(0, ^) := {b+,<^-] I V± e Autg, = (^^, ord((^|) = g, L(0,(^lV+) = ^(0,^^)} 

where r, / and q' are certain integers depending only on p and g (cf. 14. 3p , A'' is a set of 

representatives of conjugacy classes of automorphisms of g of order r and [[3] and 

denote equivalence classes with respect to some equivalence relation. Note that L{Q,a) and 



L{g, a) are isomorphic if and only if a and a are conjugate in Autg/Intg (13.5p . We then define 
a mapping Autfl/(g, cr) — ^^(g, cr) from the set of automorphisms of order q and kind i to the 
set of invariants which is constant along conjugacy classes. Actually this mapping gives the 
same value if E Aut^L(g, a) is conjugated more generally by an isomorphism tp : L(g, a) 
I/(g,cr), in which case we call i^^ip''^ to be quasiconjugate to (p. This remark is useful in 
proving surjectivity of the above mapping since it is fairly easy to find for each invariant a 
a G Autg with L{g, a) isomorphic to L(g, a) and a ip E Aut^I/(g, a) with the given invariant. 
Moreover a and if can be chosen in such a way that (pu(t) = ipou{et + to) with ipo G Autg 
(constant) . But the main point is to show that two automorphisms with the same invariant 
are conjugate (Theorems 14.111 and 15 . 7p and that hence the sets of invariants parametrize the 
conjugacy classes. From the remark above it follows then that any automorphism of finite 
order of L(g,cr) is quasiconjugate to one with ipu(t) = ipQ{u{et + to)) where ip^ is constant 
(and ipc = ec, 0d = ed). In |HPTT| these special automorphisms had been studied and it 
had been asked whether any automorphism of finite order is conjugate to such a special one. 
The answer is "no" in general as examples show (cf. Remarks 14.141 and 15. lip but "yes" if we 
allow to change cr, i.e. to apply a quasiconjugation. 

In Chapter 6 we specialize the above results to involutions i.e. to automorphisms of order two. 
We classify these explicitly up to conjugation if g is compact or complex. The classification 
is in both cases the same and amounts to determine explicitly 5i(g,o") and ^2(05 '^)i which 
in turn follows from a refinement of E. Cartan's classification of involutions of g. While one 
has to determine for each involution g G Autg representatives of the conjugacy classes of 
7ro((Autg)^) in the first case one has to determine pairs {q+, gJ) of Q± G Autg with q\ = id 
up to a certain equivalence relation in the second case. The finite groups 7ro((Autg)^) of 
connected components of the centralizer of g in Autg have already been computed by Cartan 
and Takeuchi and are listed e.g. in |Loo| . An explicit determination of their conjugacy classes 
is relegated to Appendix A where also a careful discussion of these groups together with a 
simplified computation of them is given. 

If g is complex then conjugate linear automorphisms of finite order of I/(g, cr), i.e. auto- 
morphisms of the realification that anticommute with multiplication hy i = a/— 1, can be 
treated as in Chapter 4. They are also standard and one can associate invariants to them 



that parametrize their conjugacy classes in a completely analogous way. The conjugate linear 
involutions are in bijection with real forms of L{Q,a), which are precisely their fixed point 
sets. We denote by Aut^L{g, a) the conjugate linear involutions of type i = 1 or 2 (according 
to whether the induced mapping between the loop algebras preserves or reverses orientation, 
respectively). If u is a u-invariant compact real form of then L(u, a) (and its images under 
an isomorphism )are called compact real forms of L{g,a). The mappings 

AutiL(u, cr) U AutiL(u, cr) AutiL(0, cr) and Aut2i/(u, cr) AutlL{Q, a) 

which map (f to its conjugate linear extension (pco uj where a) denotes complex conjugation 
with respect to L(u, a), induce a bijection between conjugacy classes. This fact that follows 
easily by inspecting the corresponding mappings between the sets of invariants. In particular 
the (equivalence classes of) non compact real forms are in bijection with (conjugacy classes 
of) involutions of the compact real form, like in finite dimensions. If L(u, a) — K, -\- V is aja. 
eigenspace decomposition of an involution then /C + iT' is a noncompact real form of L{q, ct), 
and in this way all real forms are obtained. Moreover, each real form has therefore a Cartan 
decomposition IC + P with IC + iV compact and this is unique up to conjugation as the above 
mappings are injective on the set of conjugacy classes. 

In Chapter 8, the last chapter of the paper we carry over our methods from the smooth to 
the algebraic setting and prove that also in this case automorphisms of finite order and real 
forms are parametrized by the same invariants as in the C°°-case. The arguments are similar 
but need at several points modifications. For example not all isomorphisms are standard in 
the algebraic case. We let 

^aig(0, (J) = {ue L{q, a) I u{t) = Mne'"*/', ^ e N, M„ e sc} 

\n\<N 

where a is of finite order, cr' = id, and 

LaXgid, cr) = i-aig(0, cr) © Fc e Fd . 

It then follows that automorphisms of Laig(0, o) are compositions of standard automorphisms 
with automorphisms which map ^H„e*"*/^ to ^ H„r"^/^e*"*/' where r > 0. But the main 
difficulty is to show that two automorphisms of finite order with the same invariants (which 



in spite of the can be defined as in the C°°-case) are conjugate. It is at this point where 
we use a basic result of F. Levstein [Lev] which says that automorphisms of finite order of 
-^aig(0) cr) leave some Cartan algebra invariant. This implies that any automorphism of finite 
order is conjugate to a very special one and after a further quasiconjugation in fact to one 
of the form ipu{t) = (y9o(u(et + to)) where ipo G Autg is constant. The conjugacy problem can 
then be solved by using certain hyperpolar actions on compact Lie groups. 
The results of this paper have been announced in |Heil| and |Hei2| . Most of them had been 
obtained many years ago, but it took us some time to fill in all details. 



2 Isomorphisms between smooth loop algebras 

Let be a finite dimensional Lie algebra over F = R or C and cr e Autg (not necessarily of 
finite order). Then the (smooth, twisted) loop algebra 

L{g, a) := {u:R^ g\u{t + 2ti) = au{t) \f t, u e 

is a Lie algebra with pointwise bracket 

[u,v]o{t) := [u{t),v{t)] . 

L{q) := L{g,id) is also called the untwisted algebra. 

Remark 2.1. One may weaken the regularity assumption in the definition of L{g,a) and 
consider e.g. 

Lkid, a) := {u : R ^ g \ u{t + 2tx) = au{t), u locally of Sobolev class H^} 

for any k>l. Although [Lk,Lk\ C Lk-i and thus the bracket is contained in Lk only after 
restriction it to dense subspaces like Lk x L^+i, the results of this paper nevertheless go 
through also for Lfc(0,cr) without difficulties. 

Another regularity class of interest is the class of algebraic loops which are given by finite 
Laurent series, assuming a to be of finite order. The corresponding algebra Laig(g, cr) and 
its automorphisms will be studied in Chapter 8. 



A homomorphism (y9 : L(g, a) L{g, a) between to loop algebras is only supposed to be 
F-linear and to preserve brackets, no continuity assumptions are made. Simple examples 
of homomorphisms are mappings ip : L{g,(r) L{Q,a) with {ipu)(t) = ipt{u{\{t))) where 
V^t • ^ cire homomorphisms and A : M ^ M is a function such that t ^ ipt and A are 
smooth (= 

Definition 2.2. A homomorphism Lp : a) L{g, a) is called standard if it is of the 

above form 

i^u)it) = ^Mxm . 

The main goal of this chapter is to show that all isomorphisms L(g, a) L(g, a) are standard 
if g is simple. 

The following result is obvious. 

Lemma 2.3. Let to G M and I be an open interval around to- Then there exists for each 
smooth function u : I ^ g an u E L(g, cr) with u{t) = u{t) in a neighborhood of to. In 
particular the evaluation map L{g,a) —>■ g, u t-^ u{tQ), is surjective. □ 

The assumption that (ft and Xt are smooth in the definition of a standard homomorphism 
can be almost deleted. 

Lemma 2.4. Let ip : L{g,a) — > L(g, ct) be a surjective homomorphism. If ip is of the form 
Lpu{t) = (pt{u{\{t))) for some homomorphisms (pt '■ g g and some function A : R ^ M then 
(fi is standard, that is there exist (pt andX{t) depending smoothly on t with ipu{t) = ipt{u{X{t))) 
for all u G -L(g, a). 

Proof. By assumption ■ u) = {f o X) ■ ipu for all 27r-periodic smooth / : M ^ F and all 
u G L(g,cr). Since there exists for each to ^ a m G L(g, cr) with (pu{to) 7^ , / o A is 
smooth. In particular e*'^ : M is smooth and thus has a smooth lift A : M — > M. Hence 

giA ^ giA ^j^^ x{t)-X{t) = 2nkt with h G Z. Let (ft ■= VK^^' ■ Then (ptu{X{t)) = (ptu{X{t)) = 
(pu(t). Moreover t (pt is smooth as u can be chosen to be locally constant by 12.31 and 
t ^— iptu{X(t)) is smooth. □ 

Remark 2.5. The representation of a standard homomorphism as (pu(t) = (ptu{X{t)) with 
(ft and A smooth is still not unique. In fact, (pt{u{X{t))) = (pt{u{X{t))) (with ipt and A also 
smooth) if and only if there exists k E Z such that (pt = (ptc'^ and X{t) = X{t) — 2k'7i. 



Let := {/ : M ^ F I / G f{t + 27i) = f{t) V t G M} be the algebra of 

27r-periodic smooth functions. 

Lemma 2.6. A surjective homomorphism ip : L{q, a) — > L(g, a) is standard if and only if 
there exists a (not necessarily smooth) mapping A : M — M with 

^ifu) = (/o A) -^(m) 

for all f G C~,(M,F) and u e L{g,a). 

Proof. The condition is clearly necessary. Conversely, if satisfied let to ^ be fixed and 
So := A(to). By 12.41 it suffices to show that (pu(to) depends only on u{sq) or equivalently that 
(pu{to) = if m(so) = 0. 

If u vanishes even in a neighborhood of Sq then there exists / G C^r(R, F) with f ■ u = 
and /(so) = 1. Hence = (p{fu) = (/ o A) • (p{u) and thus v^M(to) = 0. Therefore f^uito) 
depends only on u{t) in a neighborhood of Sq for any u G L{q, a). 

Finally let m(so) = 0. By means of l2.3l there exist mi, . . . , m„ in L(g, a) such that mi(s), . . . , Un{s) 
are a basis of g for all s close to Sq. Thus u{s) = T,fi{s)u{s) in a neighborhood of Sq for some 
/, G Cp°C,(M,F) and fi{so) = 0. Hence ipu{to) = o A) ■ v^(u.))(to) =0. □ 

The next lemma is needed to extend the main result from F = C to F = M. 
Lemma 2.7. Let g = (B Q- be a decomposition of g into two ideals and a G Autg. 
(i) If a leaves the ideals invariant then 

L{g+ © 0_, (j) = L(0+, a+) © 
where a± denote the restrictions. The isomorphism is given by {u+,uJ) if u(t) = 

(a) If cr interchanges the ideals then 

Lid+ ®g-,cj) = L(0+, al) = L(g_, a^_) 
The isomorphisms are given by u+{t) + u^{t) u±{2t). 



The proofs are almost straightforward. Note that in case (ii) u+(t) + u^(t) G L{g^ © g_, a) 
implies that u±(t + 47r) = (r'^u±(t) and u±{t) = a{u^{t — 27r)). In particular ^±(2^) are in 
-^(fl±;C"±) and determine each other. □ 

Lemma 2.8. Let a : C^j.(]R, C) ^ C be a (not necessarily continuous) homomorphism of 
algebras which does not vanish identically. Then there exists sq E M. with a{f) = /(sq) for 
a///GCp-(M,C). 

Proof. Since a is not identically zero, a(l) = 1 where 1 denotes the function f{t) = 1. 
We first show that a is continuous with respect to the sup-norm ||.||, more precisely that 
|tt(/)| < 11/11 for all /. In fact, if |a(/)| > ||/|| for some / then g := «(/) ■ 1 — / vanishes 
nowhere. Hence 1/g G C^j.(IR)C) and thus a{g) ^ because of a{(j) ■ ailjg^ = 1 in 
contradiction to a{g) = a(a(/)l — /) = 0. 

Let Zq ■= a(e**). Then = |a(e^**)| < 1 and hence Zq = e*^° for some Sq G M. Moreover 
o;(X]°ne*"*) = ^a^e'^'^o, that is = /(sq) if / has a finite Fourier expansion. By 

-N -N 

continuity a{f) = /(sq) then holds for all / G C^^M, Q- □ 

Theorem 2.9. Let (p : L{g, a) L{g, a) be a surjective homomorphism with Q simple. Then 
(f is standard. 

Proof (i) Let F = C. 

By Lemma [2?6] it suffices to find for each to ^ an sq £ with 

^ifu)ito) = f{so)(pu{to) 

for all u G L{q, a) and all / G C^j.(^5 '^)- Let u and / be fixed and a := ip{fu){tQ), b := 
^puito) and := ipUiitQ) where Ui,...,Uk G L(0, cr) and A; G N are arbitrary. Then 
ada adxi ■ ■ ■ adx^ ad6 = ad6 adxi ■ ■ ■ adx^ ada since [fu, [ui, . . . , [uk, [u, f ]o ■ ■ ■ ]o = 
[u, [ui, . . . , [uk, [fu, f]o ■ ■ ■ ]o for all v G L{q, a). The associated subalgebra of Endg 
spanned by the products ada;i ■ ■ ■ adxk acts irreducibly on g because q is simple. By a 
theorem of Burnside (cf. |Lan| . XXVII 3.3 and 3.4) it therefore coincides with Endg. 
Thus ada X a.db = a.db X ada for all X G Endg implying that ada and ad6 are 
linearly dependent. Hence also a and b are linearly dependent as g has no center. In 



particular if mq G L{g,a) satisfies ^9^0(^0) 7^ then ip{fuo)(to) = a{f)ipuo{tQ) for all 
/ e C^^M^ C), where a : C^^,{R^ C) ^ C is linear with = 1. We claim that 

holds in fact for all u G L{g, a), whence a is an algebra homomorphism and the theorem 
follows from 12.81 and I2.6[ 

To prove the claim we consider two cases. If fuito) and ipuo{to) are linearly depen- 
dent then ip{u — A'Uo)(to) = for some A G C and thus (p{f{u — \uo))(to) = as 
[Lp{fv){to), v5w(to)] = bf(io), vifw)ito)] = for all v,w E L{Q,a) with >fv{to) = 0. 
From this the claim follows. 

If ipu(to) and (puo(to) are linearly independent then ip{f{u + Uo)){to) = ip{fu)(tQ) + 
a{f)ip{uo){tQ) on one hand and a multiple of ip{u + uo)(to) on the other hand. From 
this again the claim follows. 

(ii) If F = M we consider the complexification ipc '■ -^(flc, ctc) L{qc, 5"c) of ip. If gc is 
simple (fc and hence also ip are standard by (i) . If gc is not simple then g has a complex 
structure J and gc is the direct sum of the two ideals g± := {X ±iJX | X G g} which 
are simple. X 1-^ ^(-^ + iJ^) + |(-^ ~ iJX) defines an isomorphism between gc and 
0+ © 0-- Either dc preserves or interchanges these ideals. In the first case Lemma [277] 
yields the homomorphism 



Since these homomorphisms are surjective they are standard by (i) and it follows that 
also (fi is standard. 

Specializing to the case of isomorphims we can sharpen our results. 
Theorem 2.10. Let q,q be simple. 



LiQc,(^c) L(g+,a+), u{t) 



-{ipu{t) + iJipu{t)) , 



and in the second case 



L{qc, (Xc) L(g+, al), u{t) ^ 




(i) If if : L{q, a) L{q, a) is an isomorphism then there exist e G {±1}, a diffeomorphism 
A : M ^ M with A(t+27r) = A(t)+e27r, and a smooth curve of automorphisms v^t : — > S 
with = CT'/'tcr"^ such that 

(fu{t) = (ftu{X{t)) 

for all u G L(g, a). 

(a) Conversely, e, A and {ipt} as above define an isomorphism ip : L{Q,a) L{Q,d-) by 
^u{t) = ^t{u{\{t))). 

(Hi) e, A and {<^t} define the same isomorphism if and only if e = e and there exists A; G Z 
with X(t) = X(t) — 2kn, (pt = ^PtO''' . 

Proof, ip as well as (p~^ are standard by Theorem 12.91 that is (pu(t) = {ptu{X(t)), ip^^u(t) = 
%l)tu{ii{t)) for some smooth maps A, M ^ M and some homomorphisms ipt'- ^ 0, V^t ^ ^ 
depending smoothly on t. Therefore (p o ^9^^ = id is equivalent to iptipx{t)v{fi o \(t)) = v{t) 
for all V G L{g, a). Hence by l2.5l there exists m G Z with /xo A = id — 2m7r and fti'xit) = 5""^- 
In particular the (ft are isomorphisms. Now ipu G L{g, a) for all u G L{g, a) is equivalent 
to (y9t_|_27rM(A(t + 27i)) = cr(puu{\{t)) for all u and hence to \{t + 27r) = A(t) + 2A;7r and 
V^t+27r = o-'PtO'^^ for some /c G Z. Similarly /i(t + 27r) = + 2/7r for some / G Z. From 
yU o A = id — 2m7r we get k ■ I = 1. Hence e := k = I E {±1}- This proves (i), (ii) follows 
easily, and (iii) is a consequence of 12.51 □ 

Remark 2.11. The A in the representation of ip as (pu{t) = (pt{u{\(t))) is orientation 
preserving (reversing) if and only if e = 1 (resp. e = —1). In particular A determines e. 

Definition 2.12. Let g and g be simple. An isomorphism (p : L{g, a) L{g, a) is called to 
be of first (resp. second) kind if e = 1 (resp. e = —1). 

For example (pu(t) := u{—t) defines an isomorphism of the second kind between L{g, a) and 
L{g,a~^). In particular L{g,a) and L{g,a^^) are isomorphic. 

Corollary 2.13. Let g and g be simple. 

(i) IfL{g,a) and L{g,a) are isomorphic then g and g are isomorphic. 



(ii) L{g,a) andL{Q,a) are isomorphic if and only if a and a are conjugate in Autg/Intg, 
i.e. a = a(3al3~^ with a G Intg and [3 G Autg. 

Proof. (i) follows directly from Corollary I2.10[ 

(ii) If if : L(g,cr) L{Q,a) is an isomorphism then (pu(t) = ipt{u{\{t))) for some smooth 
family {ipt} of automorphisms of g and ipt+2n = cxiptcr^'' for some e G {±1}- Hence 
a = ipt+2nO'^fT'^ and a is conjugate to a" in Autg/Intg. But each element in Autg/Intg 
is conjugate to its inverse as will be noted in the following remark. Conversely if a and 
a are conjugate in Autg/Intg there exist a G Autg and P G Intg with a = a[3aa~^. 
Since a and a[3 lie in the same connected component of Autg there exists a smooth 
mapping [0, 2-n] Autg, t ipt, with = « near t = and ipt = Oi[3 near t = 27i. It 
extends smoothly to all of M by ipt+2kn '■= cr'^^tO''^ for A; G Z and t G [0, 27r] satisfying 
Vt+2TT = d'ipt<7~^. Thus ipu{t) := iptu{t) yields an isomorphism between L(g,cr) and 
L(g,a). ° 

Remark 2.14. If g is simple and either compact or complex then Autg/Intg is isomorphic to 
1, Z2 or the symmetric group S3 and any element in these groups is conjugate to its inverse. 
If g is real and simple but non compact and g = t + p is a Cartan decomposition with 
corresponding involution g then Autg/Intg = (Autg)7((Autg)^')o = (Autg*)7((Autg*)^')o 
where g* = 6 + ip* is the associated compact algebra with corresponding involution and Go 
denotes for any group G the connected component containing the identity (cf. B.2 (i) of 
the Appendix). It is known that these groups are isomorphic to either 1,Z2,Z2 x Z2, the 
dihedral group D4 or the symmetric group 5*4, cf. |Loo| or Appendix A. Also in these groups 
any element is conjugate to its inverse (cf. the discussion in Chapter 6). 

Corollary 2.15. Let g be a simple Lie algebra over F = R or C and a G Autg. Then there 
exists an automorphism d' of q of finite order with 

L(g,a)^L(g,a) . 

Proof. By l2.13l it suffices to show that any connected component of Autg contains an element 
of finite order. But this follows from the next lemma using that the compact group (Autg)^ 
in 12.141 meets every connected component of Autg. □ 



Lemma 2.16. Let G be a Lie group and H a compact subgroup that meets every connected 
component of G. Then each connected component of G contains an element of finite order. 

Proof. Let Gi be a connected component of G and h E Gi H H . Then the closure of 
{h"' \ n E Z,} is compact and abelian and thus isomorphic to T x F where T is a torus and F 
is finite. After changing h by an appropriate element of T we get an element of finite order 
and this still lies in Gi. □ 

To study real forms of complex loop algebras we extend the main result to conjugate linear 
automorphisms ip, i.e. with {p{iu) = —i{p{u) for all u. 

Corollary 2.17. Let q be a complex simple Lie algebra and a G Autg. Then the conjugate 
linear automorphisms of L{g,a) are precisely the ip of the form {pu(t) = {pt{u{X(t))) for all 
u G L(g, cr) where A : M ^ M «s a dijfeomorphism with X(t + 27r) = A(t) + e27r for some 
e G {±1} and the (ft are conjugate linear automorphisms of Q with (pt+2-K = o'^ptO'^^ depending 
smoothly on t. 

Proof. Since the composition of two conjugate linear automorphisms is C-linear, it is by l2.10l 
enough to prove the existence of one conjugate linear automorphism of the above form. To 
this end let u be a compact real form of g and u : g g the conjugation with respect to 
u. Since there exists a G Intg with cr^^u = au, a := aa leaves u invariant and cr) 
and L(0, a) are isomorphic. We therefore may assume that a leaves u invariant. But then 
(puit) := ijj{u{ty) is a conjugate linear automorphism of the desired form. □ 

3 Isomorphisms of smooth affine Kac-Moody algebras 

Let be from now on a simple Lie algebra over F = M or C and o G Autg. On L(0, cr) 
there exists a natural symmetric bilinear form given by (u, f) '■= (w(t),f(t))o dt where 



(, )o denotes the Killing form on g. It satisfies {[u, v]o, w) = (n, [v, w]o) and {u', v) = —{u, v') 
for all u,v,w E L(g,cr), where ' denotes differentiation. Let 

L{g,a) := L{g,cr) ®¥c®¥d 



as vector space with bracket 

[u + ac + pd, f + 7c + 6d] := [u, v]o + (3v' — 6u + («', v)c 

for all M, f G L{g,a) and a,/?, 7,5 G F. Then I/(g,cr) is a Lie algebra which we call a 
(smooth, twisted) affine Kac-Moody algebra. The natural bilinear form on L{q, a) extends 
to a natural bilinear form on L{q, a) by {u + ac + (3d, f + 7c + 5d) := (m, v) + a5 + P'j i.e. 
with c,d 1. L{q, a) and (c, c) = (rf, d) = 0, (c, d) = 1. It is biinvariant in the sense that 

for all x,y,z & L{q, a). 

Note that L{q, a) is only a subspace, not a subalgebra of L{q, a). 
Proposition 3.1. 

(i) The derived algebra L'{g,a) of L{g,a) is equal to L{Q,a) © Fc 
(a) Fc is the center ofL{g,a) andL'{Q,a) 
(Hi) L(g,cr) is isomorphic to L'{q,(t)/¥c 
(iv) L{g,a) is equal to its derived algebra. 
Proof, (ii) and the implications (iv) =^ (i) =^ (iii) are straightforward. 

To prove (iv), let u G L(0,cr). By using the lift of a smooth partition of unity on to 
R we may assume that supp(n) fl [0, 2tt] is arbitrarily small, in particular that there exist 
Ml, . . . , u„ G L(g, a) by[23]which are constant on this set and equal to the elements 
of a basis of q. Expressing u as Ylfi'^i with fi G C^j,(]R, F) and the Xi as J^'^ijk [^jy^k] 

i j,k 

(which is possible since q' = g) gives u = Yli'^ijk [fiUj,Uk\. □ 

The goal of this chapter is to extend the results of the previous one to (linear and conjugate 
linear) isomorphisms between afiine Kac-Moody algebras. In an intermediate step we first 
consider isomorphisms between the derived algebras. 

Let g be a second simple Lie algebra over F and a G Autg. A linear or conjugate linear 
isomorphism ip : L(g, a) L(g, a) is by Theorem 12.101 and Corollary 12.171 of the form 



ipu{t) = (pt{u{X(t))) with A(t + 2tt) = A(t) + e27r for some e G {±1} and isomorphisms 
V^t • ^ 0- Each ip'fipt'^ : (where ip'^ = -^ift) is a derivation (even if ipt is conjugate 
hnear) and hence of the form ad x(t) for a unique x{t) G Q depending smoothly on t. 
Moreover ipt+2TT = criptcr^" implies x(t + 27r) = axit) and hence x G L{g, a). In order to stress 
the dependancy on the isomorphism (p, let := e, := A, and := x. Due to Theorem 
12.101 (iii) e^, X'^ and x^ are well defined. 

Proposition 3.2. Zet : I/'(0) o') ~^ L'{q, a) be a linear or conjugate linear map. Then Cp is 
an isomorphism (of Lie algebras) if and only if there exists a linear (resp. conjugate linear) 
isomorphism ip : L{q, cr) — > L(g, a) such that 

ipc = e^c 
and ipu = ipu + (x<^, ipu)c 

for all u G L(g, a). 

Proof. Since isomorphisms map centers to centers we may restrict our attention to those (p 
with 

(pc = ac 

ipu = ipu + jj,{u)c 

where a G F, a 7^ 0, : L(g, a) L{q, a) is a linear (resp. conjugate linear) vector 
space isomorphism and /i : L(0,cr) — F is linear (resp. conjugate linear). Then ip is 
an isomorphism if and only if [ipu^ipv] = 'p[u,v] for all m, f G L{g,a) or equivalently if 
[(pu,ipv]o + {{'pu)', (pv)c = (p[u,v]o + ;u([m, t>]o)c + (p{{u',v)c). This in turn is equivalent to 
(p being an isomorphism and {{(puy,(pv) — fi{[u,v,]o) = a{u',v) (resp. = a{u',v)). Thus 
(pu{t) = iptu{X{t)) and (<^u)'(t) = ip[ipt\ipu{t)) + <^(u')(t) • A'(t) = ([x^,Ho + >^'^iu')){t). 
Hence {{Lpu)',(pv) = {x^, (p[u,v]o) + {X'(p{u'),Lpv). Since {ipx^^y)^ = {x,y)o (resp. {x,y)^) if 
^ • ^ is an isomorphism (resp. conjugate linear isomorphism) we have A' ■ {(p{u'), (pv) = 

2tt A(27r) 

ey,{u',v) (resp. = e^{u',v)) due to f {u'{X{t)),v{X{t)))()X'(t)dt = f {u'{x),v{x))Qdx = 

A(0) 

27ie^{u',v). 

Therefore (p is an isomorphism if and only if (p is an isomorphism and {x^,(p[u,v]q) — 
fi{[u, f]o) = (a — e){u', v) (resp. ^{[u, v]o) = {a — e){u', v)) for all u,v E L{g, a). 



Choosing u G L(g,cr) such that {u',u)o is not identically zero, and v := fu for some / G 

C^j.(M, F) with / f{u',u)o 7^ 0, we get a = e. Hence 3.1 (iv) yields fi{u) = {x^,ipu) for all 


u G L{q, a). □ 

Corollary 3.3. The mapping (p (f which associates to any isomorphism (p : L'{q, a) 
L'{g,a) the induced isomorphism between the loop algebras, is a bijection. In particular 
Aut(I/'(0, a)) and Aut{L{Q,a)) are isomorphic. 

Theorem 3.4. Let : L{q, a) L(g, a) be a linear or conjugate linear map. Then is an 
isomorphism (of Lie algebras) if and only if there exist 7 G F and a linear (resp. conjugate 
linear) isomorphism tp : L(g, a) —>■ L{q, a) with X'^ = e<^ constant such that 

ipc = e^c 

(fid = e^d - e^x^ + 7c 
ipu = ipu + {x^,ipu)c 

for all u G L{g, cr). 

Proof. Let ipd = pd+u^ + 'jc. Then (f is an isomorphism if and only if /? 7^ 0, maps L'{g, cr) 
to L'{g,a), the induced map p is an isomorphism and [ipd,ifu] = 0[d,u] for all u G L{g,a). 
By 3.2, 0c = e^c, and 0u = ipu + {x^, ipu)c for a (unique) isomorphism ip : L(0, cr) 5") . 

Thus [0d, 0u] = 0[d, u] is equivalent to P^ipu)' +[u^, {pu]Q — {u^, {({)u)')c = ip{u') + (x^, ip{u'))c 
and hence to (i) [/3x^ + u^, (pu]o = {I - (3X'^)(p{u') and (ii) {u^,{(pu)') = -{x^,(p{u')) as 
{(fu)' = [x^, (pu]o + X'^^fiu'). 

Let to £ I^- Then there exists u G L{g, a) with fuito) = and (v?-u)'(to) 7^ and thus also 
with (/)(«') (to) 7^ by the last equation. This shows that (i) is equivalent to = — 

27r 

and = 4 and hence to = —e^x^ and = as = 2^ / \'^{t)dt. Therefore (ii) is a 



consequence of (i) and the theorem follows. □ 

We will call the above to be induced by 0. It is equal to the restriction of to L{g, a) 
followed by the projection u + ac + (Sd ^ u. 

The theorem shows in particular that any isomorphism if : L{g, a) — > L{g, a) with A'^ 
constant, can be extended to an isomorphism : L{g,a) L{g,a). Hence Corollary 12.131 
and Corollary 12. 151 extend immediately to the aflfine Kac-Moody case: 



Corollary 3.5. (i) IfL{g,a) and L{Q,a) are isomorphic then g and g are isomorphic. 

(a) L{g,a) andL{g,a) are isomorphic if and only if a and a are conjugate in Autg/lntg. 

□ 

Corollary 3.6. For any a e Autg there exists an automorphism a e Autg of finite order 
with L{g, a) = L{g, a) . □ 

Specializing 3.4 to automorphisms let 

Aut{L{g,a), L') :— {cp e AvLtL{g, a) \ cp — id on L' {g, a)} 

— {(fi & AutL{g, a) \ (p — id on L{g, a)}, 

Aut(jL(0,o-) :^ {(p e AutL{g, a) \ {ipx,(py) = {x,y) W x,y e L{g, a)}, and 

Aut'L(0, a) := {(p G AutL(0, a) \ constant } . 

Note that constant yields X'^ — e^. 
Corollary 3.7. (i) Aut{L{g,a), V) ^ F. 
(a) Aut(i/(0, cr), L') is contained in the center of AutL{g,a). 
(Hi) AutL{g,a) = Aut(,)L(0, cr) x F. 

(iv) The mapping AutQL(g,a) — > Aut'L(£|, cr) that associates to each ip> the induced map- 
ping ip on L{g, a) is an isomorphism. 

Proof. (i) The (f e Aut(L(g, a), L') are the automorphisms with (pc — c and (pu — u and 
thus with (pd — d -\- hy 3.4. Hence i— > 7 defines an isomorphism. 

(ii) Let (p e AutL(g, a) with (pc — c, (pd — d -\- and (pu — u for all u e L{g, a). Then 
(fi commutes with all ip G EndL{g, a) which leave Fc and L'{g, a) invariant and satisfy 
{tpc,d) = {c,ipd). In particular it commutes with all automorphisms. 

(iii) (f e AutL(g,(j) with (fic — €^c, (pd — E^pd — €tpXip + ^c, and (pu — <pu + (xi^, <pu)c 
leaves the bilinear form (, ) invariant if and only if {0d, (pd) = or equivalently if 
27 = — e<^(a;<^, a;^). Thus the claim follows from (i) and (ii). 

(iv) follows from 3.4 and (iii) above. 



3.7 (iii) shows that elements of finite order in Auti/(g, a) are contained in Aut( )I/(g, a) and 
are conjugate in Autl/(g, a) if and only if they are conjugate in Aut( a). Thus we have 

Proposition 3.8. There is a natural bijection between conjugacy classes of elements of finite 
order of AutL{g, a) and Aut'L{g,cr). □ 

In case F = C let Auti/(0, a) and AutL(0, a) be the sets of conjugate linear automorphisms 
of I/(g,cr) and L{g,a), respectively and AutL{g,a) := {(p E AutL(g,cr) | constant}. 

Proposition 3.9. There is a natural bijection between conjugacy classes of elements of finite 
order of AutL(g,a) and Aut'L(g,cr) (where conjugation means conjugation with respect to 
elements of AutL{g, a) and Aut' L{g, a) , respectively). 

Proof. The proof is in complete analogy to that of 13.71 by considering the enlarged groups 
Auti/(g, a) U AutL(g, a) and Aut'L(g, a) U Aut L(g, a), respectively. The mapping (p ^ Lp 
is surjective and has kernel Aut(L(g, a), L') = C which again splits off as a direct factor 
(the other factor being Aut( )I/(g, a) U Aut( )I/(g, a) where Aut(^)I/(g, cr) = {(/? G Autl/(g, cr) | 
{ipx,>py) = {x,y)'i x,y\). □ 

Later (cf. Corollaries l4 . 1 21 and 15 . 9p we will show that Aut'L(g, cr) can be replaced by AutL(g, a) 
in 3.8 (and A\xi L{g,a) by AutL(g, cr) in 3.9). Here we will prove part of this statement in 
Proposition 13. Hi 

Lemma 3.10. Let : L(g,cr) L(g,cr) and ip : L(g,cr) L(g,cr) be isomorphisms 
(possibly conjugate linear) of the form ipu{t) = ipt{u{\{t))) and ipu{t) = ipt{u{ji{t))) . Then 
ipipi:~'^{u){t) = (pt{u{X{t))) where \ = fi^^ o Xofj, and (pt = A° V^mW ° (V^A(t))""^- 

Proof. Observe that ipip{u)(t) = ipt{^u{ii{t))) = iptP^ ^(t){u{\ o jiit))) and thus in particular 

Proposition 3.11. Let p> G AutL(g,a) (resp. AutL(g,a)J be of finite order. Then there 
exists iIj G AutL(g, cr) of the first kind such that i/jcpi/j''^ G Aut'L(g, cr) (resp. Aut'L(g, a) ). 
If if is of the second kind the order of ip is even. 

Proof. Let Lp be of order q and ipu{t) = (pt{u{X(t))) with (pt and X{t) smooth and A(t + 27r) = 
X{t) + e27r. Then (p''u{t) = ^ft^x^t) ■ ■ ■ ^xk-^t){u{X''{t))) for all G N where A'^ := A o ■ • ■ o A 



denotes the k iterate. Thus X'^ = id + p2'K for some p G Z. If is of the second kind 
(e = —1) then q is necessarily even as e'^A'^ is an orientation preserving diffeomorphism of M 
for all k eN. 

Let z/ := -^e'^A'^. Then also u is an orientation preserving diffeomorphism of M (note 
that its derivative is positive everywhere) with uit + 27r) = z/(t) + 2n. It moreover satisfies 
z/(A(t)) = ez/(t) + 1 p2TC and thus i^o A ozy^^(t) = et + ^ p2-n. Hence ipu{t) := u{v~^{t)) defines 
by Theorem 12.101 an automorphism of the first kind on L{q, a) and ipipifj'^ G Aut'L(g, cr) 
(resp. Aut'L(0,a)) by 3.10. □ 

The main idea of the proof of 13.111 is a variation of the proof that diffeomorphisms of 
of finite order are conjugate to rotations or refiections. Since this is false for arbitrary 
diffeomorphisms of , also 3.11 would be false for arbitrary ip G AutL(0, a). 



4 Automorphisms of the first kind of finite order 

Let Q be as before a simple Lie algebra over F = R or C and cr, a G Autg. Let Aufg := 
{(^ G Autg I ord((y9) = q}. 

Definition 4.1. Two automorphisms ip G AutL(g,(T) and x ^ AutL(g,(T) are called qua- 
siconjugate if there exists an isomorphism ip : L(g,cr) L{g,a) such that x = ■ 
Similarly G Autl/(g, a) and x ^ AutZ/(g, a) are called quasiconjugate if there exists an 
isomorphism -rp with x = '4'0ip~^- 

We call ip and x (resp. (p and x) only conjugate if they are quasiconjugate and a = a. 
It will turn out (Corollary I4.13p that any automorphism of the first kind of finite order is 
quasiconjugate (but not necessarily conjugate) to one with (pt constant. From this it seems 
to be clear that conjugacy classes of these automorphisms can be parametrized by simple 
invariants. But we will prove this first and deduce 14.131 as a corollary. 

Let AutiL(g, cr) := {(p G AutL(g, cr) | of the first kind} and Aut[L{g, a) := {(p G 
AutiL(g,cr) I A'^ = 1}. Recall that any ip G AutiL(g, cr) of finite order is conjugate within 
AutiL(g, cr) to an element of Aut'^L(g,cr) (Proposition 13.111 ). 



Lemma 4.2. Let ip G Aut[L{g, a) be of order q. Then there exist unique p E {0, . . . , g — 1} 
and ipt G Autg (t G M) such that 

P 

Lfuit) = ipt(u(t H — 2tt)) 
Q 

for all u G L(g, a), and this (pt depends smoothly on t. 

Proof. By Theorem 12.101 ipu(t) = (pt{u{\{t))) and by assumption A(t) = t + to for some 
to G M. ip"^ = id implies X'' = id + p2tt for some p G Z and thus to = |27r. By replacing A 
eventually by A + 2m7r for some m G Z (and ipt by iptcr'"^) we may assume < p < q. This 
p is then unique and hence ipt as well. Since A is smooth also ipt is smooth. □ 

We now associate to each ip G Aut[L{Q, a) of order q an "invariant" as follows. 

Definition 4.3. For q E N and p G {0, 1, . . . , g — 1} let r = r{p, q), p' = p'{p, q), q' = 
q'{p,q), I = l{p,q) and m = m{p,q) be the uniquely determined integers with r > 0, p = 
rp', q = rq', Ip' + mq' = 1 and < I < q' . (In particular r = {p, q) is the greatest common 
divisor of p and q). 

Let if G Aut']^L(g, cr) of order q with ipu{t) = ipt{u(t + to)), to = | 27r, and r,p',q',l,m as 
defined above. We then have ip'^'u{t) = Pt{u{t)) and (p^u{t) = At(u{t + ^)) where 

Pt = (pm+to ■ ■ ■ ^t+(q'-i)ta(^^' and 

Since ip is of order q, this implies that Pt is of order r. Hence Pt = atgodT^ for some 
Qo G Aufg and some at G Autg depending smoothly on t. For g has only finitely many 
automorphisms of order r up to conjugation. From (p''(p''' = ip'^'ip'- we get AtPt+2-K/q' = PtAt 
and thus a^^^^j^iA^^at G (Autg)^" . In the following we fix for each r G N a set A^{q) C Aut'"g 
of representatives of conjugacy classes of automorphisms of g of order r. \i g E ^'^(g) we 
consider in (Autg)^ the equivalence relation /3 ~ /? if and only if /3 and j3 are conjugate 
in 7ro((Autg)^') = (Autg)7((Autg)^)o, i.e. if /3 = ^13^-^5 for some 7 G (Autg)^' and 5 E 
((Autg)^)o. We denote by [P] the equivalence class containing /?. There are only finitely 
many equivalence classes as 7ro((Autg)^) is finite (cf. Appendix A). 



Definition 4.4. 

(i) ForqeN let dlid) := {(p, ^, [/?]) | P e {0, . . . , g - 1}, g e A^P''^Kq),(3 G (Autg)^} 
(a) If & Aut'iL(Q, a) is of order q and p, Qq, at, q' and At o-f^ chosen as above then 

{p, go, K"+27r/?'^t~^"*]) ^ 

is called the invariant of ip. 
Remark 4.5. is a finite set. 

Example: The invariant of G Aut'^L(0, a) with ipt = v^o (note that this requires (fga — 
acpo) is {p,a(pla^'a~^,[a(pQ''a™'a~^]) where a is chosen such that aip^a^'a'^ G A^'{q). If 
moreover 93 is an involution (g = 2) and (^o G '^.''(g) then its invariant is (0, (^o, [cr]) or 
(l,id, bo'])- 

Proposition 4.6. Each element of Ziio) occurs as the invariant of some ip G Aut'iL{Q,a) 
of order q for some a. 

Proof. Let {p, go, [/?]) G -31(0). Then go and f3 commute and hence also (po := and 
(7 := g^P'^' where p', q', I and m are determined by 4.3. Therefore ipu{t) :— ipou{t+^2n) defines 
an element of Aut^L(0, a) of order q. By the example above it has invariant {p, go, 

□ 

Proposition 4.7. (i) The invariant of each (p G Aut[L{g, a) of finite order is well defined. 

(a) Automorphisms (p G Aut[L(g,a) and (p G Aut'^L(g, o") that are of finite order and 
quasiconjugate by an isomorphism : L{q, a) — > L{q, a) of the first kind have equal 
invariants. 

Proof. 

(i) Only the at in the definition of the invariant of (p is not determined completely and 
could be replaced by atPt where Pt G (Aut0)^°. But this does not affect [a'};^^, .At^at]. 



(ii) Let (y9 and (p be of order q and of the form ^puii) = ipt{u(t+to)) and ipu{t) = (ft{u(t+io)) 
where < p < q and to = f27r, to = f27r. Let ipu{t) = ■?/'t(-u(yu(t))) with /i(t + 27r) = 
/i(t) + 27r. Then = fj.{t)4'^_^^^ and t+to = /i""'^(/i(t) +to) by Lemma [3.10[ Therefore 
/i(t + 27r) = yu(t) + 27r implies p = p and /x(t + to) = /i(t) + to- Let r,p', q', I and m be 
defined as in l4.3[ Then 

/i(t + 2n/q') = fi{t) + 27i/q' 

as ^ = /| + m. Let Pt, A^, at, Qq, Pt, A^, and ^o be as in the definition of the in- 
variants of (f and respectively. Then Pt = '^Pt<^f,{t)<^P^,(t)+to ■ ■ ' Vf^it)+(<i'~m'^t+p'2n^^'' = 
i)tP^,{t)i^t^ = i^t(y^{t)Qo(y~lt)^r^^ which implies ^/'^■:^p,2^crP' = a^Vr^- Similarly we obtain 
At = '4't^fi(t)'4't^27T/q'- Therefore we can choose at := '4'tOi^(t) which yields ^o = ^"0 and 
'^t+2n/q' ^r^^t = '^^{t)+2n/q' ^/^(t)'^M(t) • Hcncc thc invariants of ip and (p coincide. 

□ 

If V5 G AutiL(g, cr) has finite order we choose ip G AutiL(0, cr) with ipipip"^ G Aut'^L(0, a) 
(cf. Proposition 13. Ill) and define the invariant of ip to be that oiipipip'^ . By Proposition 14.71 
(ii) this is well defined and invariant under quasiconjugation with isomorphisms of the first 
kind. 

We next describe how the invariant behaves under quasiconjugation with isomorphisms of 
the second kind. 

Let iq : Zlio) be the involution with ig{{0, g, [/?])) = (0, g, [P^^]) and ig{{p, g, [P])) = 

{q - P, [P'^q]) for p G {1, . . . , g - 1}. 

Definition 4.8. We call two elements a,b E Jfid) opposite ifb = iq{a). 

Proposition 4.9. Let ip G AutiL(g, a) be of order q and ip : L(g, a) L{g, a) be an 
isomorphism of the second kind. Then the invariant of ijjipilj~^ is opposite to that of ip. 

Proof. It is enough to consider the special case ipu{t) = u{—t) and a = since any other 
isomorphism of the second kind is a composition of this with an isomorphism of the first 
kind (which does not change the invariant). Now a direct calculation gives the result. □ 

Remark 4.10. If g = 2 then i2{{p, qAP])) = {P^ qAP~^]) for all [p.qAP]) ^ Jiio) (note 
g = id \{ p = 1). Hence i2 is the identity if for each g G Autg with g^ = id each element 



of 7ro((Autg)'^) is conjugate to its inverse. This is for example the case if q is compact or 
complex as will be explained in Chapter 6. Hence the invariant of an involution of the first 
kind does not change in this case under quasiconjugations with arbitrary isomorphisms. 

Theorem 4.11. Let Lp G AutiL(0,cr) and ip G AutiL(g,cr) be two automorphisms of order q 
with the same (resp. opposite) invariants. Then they are quasiconjugate by an automorphism 
ijj of the first (resp. second) kind. Moreover, if ip G Aut'^L(0,cr) and (p G Aut']^L(g, a) then ip 
can be chosen to be of the form ipu{t) = iptu{±.t). 

Proof. We may assume the invariants of and (p to coincide since otherwise we could first 
conjugate ip hy ipi '■ L{Q,a) L{Q,a^^) with ipiu{t) = u{—t) and apply [49l After a first 
conjugation we may assume (pu(t) = {ptu{t + |27r), ipu{t) = (ptu{t + |27r) with < p < g. 
To find ip with ipu{t) = iptuit) it thus suffices to find a smooth curve ipt in Autg with 

(1) i)t+2TT = cri)tO'^ and 

(2) ipt^tipt^t^ = <pt, 

where to = g27r as before. Using our standard notations r,p' , q' , l,m (with p = rp', q = 
rq', Ip' + mq' = 1, < / < q'), Pt,at,At (with cp^'uit) = Ptu{t), Pt = atQoat^, ip^u{t) = 
Atu(t + 2tt / q')) and Pt,at, At correspondingly, (1) and (2) are equivalent to 

(1') i)t+27T/g' = Ai"VtAt and 

(2') = PrVt Pt. 

In fact, if we extend the mappings ip, ip, P, A to all smooth m : M ^ g by the same formulas 
and let Tu{t) := au{t — 2'n) and define P, A, f correspondingly then ipr = Tip, P = (P^'tp', 
A = (^V"™, (p = AP'P™, r = A^'i'PK Hence (1) and (2) are equivalent to 

(*) Tip = ipT and (pip = ipip 

while (r) and (2') are equivalent to 

A^ = ipK and Pip = ipP . 

and thus to (*). 



With Pt = atgoC(t \ A = cutQocHt ^iid Xt '■= «t '^i'tcut, (2') is equivalent to Xt ^ (Autg)^" 
and (r) to 

Xt+27r/q' = Pi^XtPt 

where Pt '■= C(t^-^tC(t+2TT/q' and Pt '■= C(t^-^tCit+2TT/q' are curves in (Autg)^". But this equation 
for Xt € (Autg)^" can be solved since by assumption [Pt] = [Pt], i-e. Pt = ■jPtl'^^t for some 
7 G (Autg)*?" and some smooth curve 6t in ((Autg)^°)o. In fact, for small t we may choose 
Xt '■= 7 and Xt+2TT/q' '■= P't^lPt = ^i^l and connect these pieces smoothly in [0, 27r/g']. The 
periodic extension from [0,27r/g'] to all of M by Xt+2-Kiq' = Pt^XtPt gives then the desired 
solution. □ 

For any a G Autg, let 

Jf(0,a) := {(p, Q, [P] G Jf(0) I dP"^ is conjugate to a in Autg/Intg} 

where / = q) and g' = q) are as in l4.3[ Then (g, o") contains precisely the invariants 
of those automorphisms of the first kind of order q which are defined on algebras L(g, a) and 
L(g,cr) isomorphic to I/(g,o") resp. L(g,cr). In fact, if two automorphisms have the same 
invariant then they are quasiconjugate, and in particular the algebras on which they are 
defined are isomorphic. Thus the invariant determines the isomorphism type of the algebra. 
On the other hand, the invariant (p, can be realized on L(g, (resp. L(g, g''P^')) 

We denote by Aut^L(g, a) and Autf I/(g, a) the sets of automorphism of L(g, a), resp., L(g, a) 
of the first kind of order q. The invariant of a G Aut^L(g, a) is by definition the invariant 
of the induced ip G Aut^L(g, a). Then Proposition l4.6l HTfl 14.91 and Theorem 14. Ill hold corre- 
spondingly for automorphisms of affine Kac-Moody algebras. By combining Proposition 14.61 
and Theorem 14.111 we thus have: 

Corollary 4.12. The mapping that associates to each automorphism its invariant induces 
the following bijections 

AutfL(g,a)/AutiL(g,a) ^ Ji'(g,a) 

and 

Aut?L(g,a)/AutiL(g,a) ^ Jf(g,(T) , 



where the quotients denote conjugacy classes. Moreover in case q = 2 Autil/(g, cr) (resp. 
AntiL{Q,a)) can be replaced by AutL{Q,a) (resp. AutL(g, cr)J. □ 

Corollary 4.13. Any element of Aut\L{g, a) (resp. Aut\L{Q,a)) is quasiconjugate to some 
G Aut^I/(g, (t) with (pc = c, (pd = d and (pu being a twisted loop of the form 0u{t) = 
(po{u(t + |27r)) for all u G a) where ip^ G Autg is constant and p G {0, 1, . . . , g — 1} 
(resp. to some ip with ipu(t) = (po{u{t + |27r) ). 

Remark 4.14. In general it is not possible to conjugate an element of Aut^L(g, a) to some 
ip G Aut^L(g, cr) with Lpu(t) = ipo{u{t+^2n)). For example let cr = id and (0, g, [/3] G Jf{Q, id) 
(i.e. p E A'^ and /? G Intg) with /5 ^ ((Autg)^)o (such {g, P exist, see e.g. Chapter 6). Since 
any ip G Aut^L(g,id) with ipu{t) = ip^uit) has invariant (0,a(y9oa^^, [id]) (cf. the example 
after l4.5p an automorphism of L(g, id) with the above invariant 0, g, [/?]) can not be conjugate 
to such a ip. 

5 Automorphisms of the second kind of finite order 

We follow the same strategy as in the last chapter and define also for automorphisms of the 
second kind of finite order an invariant, prove that it parametrizes (quasi) conjugacy classes, 
and derive from this a series of consequences as in Chapter 4. 

Let g be a simple Lie algebra over F = M or C and cr G Autg. Let Aut2l/(g, cr), Aut2-L(g, cr), 
Aut|L(g, cr) and Aut2(g, cr) be the sets of automorphisms of the second kind on L(g, a) and 
L(g, cr) of arbitrary order and of order g, respectively. 

Lemma 5.1. (i) Let ip G Aut|L(g,cr). Then q is even and there exists ip G AutiL(g,a) 
with il)ipil)'^{u)(t) = ipt{u{—t)) for some smooth curve ipt in Autg. 

(a) ip G Aut2-^v(g, cr) and (p G Aut2-L(g,cr) are quasiconjugate by an isomorphism of the 
first kind if and only if they are quasiconjugate by an isomorphism of the second kind. 
In particular Aut^L^Q, a)/AutiL(g, a) = Aut2i^(g, a)/AutL(g, a). The same is true if 
L(g,cr) is replaced by L{g,cr). 



Proof. (i) By 3.11, q is even and there exists ipi G AutiL(g, cr) with ipifipi u{t) = 
ipt{u{—t + to)) for some smooth curve (ft ^ Autg and to ^ I^- A further conjuga- 
tion by ip2 with {ipiu){t) = u(t + to/2) yields therefore the result. 

(ii) Conjugation of ip by an isomorphism '■ L{g, cr) L{q, a) or by 4"^ is the same. But 
ipip is of the second kind if and only if ip is of the first kind. The same is true for 
and ijj. ^ 

Let (f G Aut2^L(0,a) with (pu{t) = (pt{u{-t)). Then u{t) = ip^'^iu){t) = {ipt(p-t)''{u{t)) 
whence {iptV-tY = id. Since g has up to conjugation only finitely many automorphisms of 
order < q the order of fptV-t is constant and thus equal to q. Hence there exists a smooth 
curve at in Autg and ^o ^ Auf'g with 

ipt^P-t = at Qo "t"^ • 

Let := aQ^ifoao and := a~^(y9^(j~^a^. Then Lf"^ = Lp"^ = go as V9_7r = a'^ipT^a'^ which 
in turn follows from ipt+2n = o'ftO' (cf . Theorem I2.10p . 

Definition 5.2. Two pairs </)_), ((^+,(^_) G (Autg)^ with ip\ = ip"^ and (p\ = (pPi are 
called equivalent if there exist a,P G Autg with a~^P G ((Autg)'^+)o such that = a^p-^-a^^ 
and (p^ = I3(p^l3~^ or 0^ = a^p^a^^ and(p^ = I3ipj^(3~^. This defines an equivalence relation 
and we denote the equivalence class of {ip+,(p-) by [(p+,(p-]. 

In particular {(p+,ip^) ~ </)+) ~ {aip+a~^,a(p_a^^) ~ (99+, /3(y9_/3~^) for all a G Autg 
and (3 G ((Autg)^+)o. 

Definition 5.3. (i) For any q eN let 

^l^id) ■= {b+,V5-] I ^± e Autg,v?+ = v?-,ord(v?|) = q} ■ 

(Note that ordy^^ = q is equivalent to ord(y9 = 2q if q is even and to ordip G {q, 2q} if q 
is odd). 

(ii) If ip E Aut2''-L(g, cr) with ipu{t) = ipt{u{—t)) and ip± are defined as above we call 
[(p^,(p^] G Z2'^{d) the invariant of(p. 



Remark 5.4. (i) The invariant of is well defined. For (ft'f-t = cutgoctf ^ = dtQoo^t ^ i™" 
plies ptPo^ E ((Aut0)^o)o where pt = at^at. Hence [<^+,<^-] = [/5o"V+/5o, /^vTV-Z^tt] = 
[/3^/?(7 V+/5o/?,^^ = since (fl = Qq. 

(ii) Z2^{q) is a finite set. 

Proposition 5.5. Any [(f+,(f^] G 22^{q) is the invariant of some (p G Aut2'^(L(0, a)) with 
^pu{t) = Lpt{u{—t)) for some a G Autg. In fact, one may take a := LpZ^'p+ and Lpt = ip+. 

Proof. Let (ft '■= f+ and a := (pZ^(p+. Then ft+2TT = crft<^ for all t and hence ip with 
ipu{t) := ipt{u{—t)) is contained in Aut2'^L(g, cr). Since ^pt^P-t = we may take at = id. 

Thus (p has invariant [aQ^ipoao, a~^(pn(y~^0!Tr] = [(p+, ip+{ipZ^(p+)^^] = [ip+,(p-]. □ 

Proposition 5.6. The invariant of (f E Ant2'L{g, a) with (pu{t) = (pt{u{—t)) does not 
change under quasiconjugation. More precisely, if ijj : L{g,a) L{g,ci) is an isomorphism 
such that (p := ipipip'^ is also of the form (puit) = (pt{u{—t)) then ip and (p have the same 
invariant. 

Proof. Let ipu{t) = ipt{u{—t)) and iptf-t = o^tgoa^^. By 5.1 (ii) we may assume ip to be 
of the first kind and hence by 12.101 of the form ipu{t) = iptu{^{t)) where ipt and are 
smooth, Vt+27r = d'lpto'^^, and fi{t + 27r) = fi(t) + 2n for all t. Lemma 3.10 implies (pt = 
ipt'^ ^J.{t)4'Zl^2k^v^'' ~ IJ'~^{,—IJ'{t)) — 2kTi for some k E Z. Thus fi{—t) = —fi(t) — 2kn and 

in particular /i(0) = -kn, ^{tt) = -{k-l)7i. Moreover (fit^P-t = i't'Pii{t)'P~,j.{t)'ipr'^ = atQoat^ 
with at := i^tOif^it)- This yields (p+ := Voao = aZl^ip-knf^^a^kn and ip- := a-'^'p^a-'^a^ = 
^Zlk-i)^V-ik-i)7T(^''^'^(^-ik-i)n- From (pt+2n'^-t-2n = (Tipt^-tf^"^ wc get aZl2TT(^oit e (Autfl)^o 
and by conjugating by aI^^_^_2^(Ta_fc^ and (p_ by CiZ\k-i)T,+2n^^-(k-i)Tv we see that [<^+, <^_] 
depends only on k modulo 2. Thus it suffices to consider the cases /c = and k = 1. If 
/c = then (p^ = (p^, V- = V- and the invariants of (p and (p coincide. If k = 1 then 
((^+,(^_) = (aliv5_^o-a_^, ao Votto) = ("I^cr" Vyrtt-Tr, = (0;^ V-07r, 0(7 V+0o) where 
0t := a~[^Lpta-^f Note that = Qo and (pt G (Autg)^° as (j)t4'-t = 0-t0t = ^lo- Hence 
[^+,<^-] = b+, □ 

If V? G Aut2'^L(g, (t) is arbitrary we may choose ip G AutL(g,(T) by 15.11 with ilj(pip~^{u){t) = 
iptu{—t) and define the invariant of ip to be that of ipiptp'^ . By the last proposition this is 



well defined and invariant under quasiconjugation. The invariant of if E Aut2'^I/(s, cr) is that 
of the induced ip. 

Theorem 5.7. Two automorphisms ip G Aut2'^L(0, a) and ip G Kni^L^Q, a) are quasicon- 
jugate if and only if they have the same invariant. Moreover, if in addition (p G Aut'L(g, cr) 
and (p G Aut'L(0, cr) the conjugating isomorphism ip : L(g, a) — > L(g, cr) can be chosen to be 
of the form ipu{t) = iptiuit)). 

Proof. Let (p and (p have the same invariants, the other direction being clear by the above 
remarks. After a first conjugation (see Lemma ISTTl) we may assume (pu{t) = (ptu{—t) and 
ipu{t) = (ptu{-t) with (pt+2n = o-V^tO", Vt+27T = o-iptd- and Lpt<P-t = atQoat^, Vt^-t = "f^oar^ 
for some ^0,^0 ^ Aut^(g). Let ip+ := aQ^(poao, ip- := a~^v9^cT~^a^, (p+ := a^^^pQao, and 
ip- := (5~^<^7r5"~^a7r. Then ip\ = qq and ip"^ = Qq. Equality of the invariants is equivalent to 
= aip^a"^ and = [3(p>^[3~^ or (p+ = aip^a~^ and = j3ip+[3~^ for some G Autg 
with G ((Autg)^°)o. We may assume the first possibility holds. For otherwise we could 
first conjugate (p> by ipiu(t) := u(t — vr) which would replace (pt by (pt-irCr and (^9+, (p-) by 
""^y^+^o) where (pt = OL^^ipta-t G (Autg)^" is as above. Since and are 
conjugate we may assume ^0 = Qo- This implies G (Autg)^''. 

We now try to find an automorphism ifj : L(0,(t) ^ L(0,cr) of the form = ipt{u(t)) 

with ipipip~^ = (p. This amounts to find a smooth curve ipt in Autg with 

(1) ?/'t+2,r = oi)to'^ and (2) = (p^^^Jtipt- 

From (2) we get ipt = (pZ\(pt^iptVtV-t and hence Xt '■= c^t'^^'tctt ^ (Autg)^°. Working with 
Xt instead of ^t, (1) and (2) are equivalent to 

(!') Xt+27T = CTtXtCTt^ and (2') X-t = (pT^XKpt 

where at := a^^2-K'^'^t and (pt = OL^^Lptd^t, and at.cpt are correspondingly defined. The 
advantage of these equations over (1) and (2) is that (2') at t implies (2') at —t because of 
(pifp-t = 00 = (pt(p-t- The idea now is to define Xt in [0,7r], to extend it by (2') to [— vr, tt] 
and then by (!') to all of M. To make this well defined we have to ensure that xo = 0o ^Xo0o 
and Xn = CT-TrX-vrCli, the last equation being equivalent to Xvr = or~TT<P^^XTT<pTTC-l- Both 
conditions can be matched by choosing Xo '■= « and Xn '■= P where a,/? G (Autg)^" are as 



above. Since a and (3 lie in the same connected component we can smoothly connect them 
by a curve in (Autg)^". By the above described extension we thus get Xt in (Autg)^" for all 
t G M and this satisfies (!') and (2'). Moreover it is smooth except possibly at the integer 
multiples of vr. But this can also be achieved by choosing xt more carefully around and 
71 according to the following lemma (at vr one has to apply it to (pj^^tO'^-Tr cind 0^_(O"j^\. in 
order to get a smooth solution of Xn+t = o't-TT4'n-tXTT-t4>TT~tO'r-n) ■ ^ 

Lemma 5.8. Let (pt and (pt be smooth curves in (Autg)^" with 4>t4>-t = Qo = 4>t4>-t for small 
t and 00 = 0:000;"^ for some a G (Autg)^". Then X-t = (pT'^Xt4't has a smooth solution near 
t = with Xo = «■ 

Proof. Let (pt '■= (poG^'^^'\ (pt '■= (poe^'^^* near t = with smooth Xt,Xt G 0^° and Xq = Xq = 0. 
Then (pt(p-t = Qo = 4>t4>-t implies X-t = —(poXt and X-t = (poXt- Now Xt '■= e^~^^'^^-^-a-e'^^^^-^ 
is a solution. □ 

For any a G Autg, let 

52^(0,cr) := e ^2^(0) I 'y5lV+ is conjugate to a in Autg/Intg}. 

Then the elements of Z'^'^Q., o") are due to l5.5l precisely the invariants of elements of Aut2''i^(g, cr) 
and as in the case of automorphisms of the first kind we have: 

Corollary 5.9. There are natural bijections 

Aut2'^L(g,cr)/AutL(g,(T) ^ Aut2''/^(g, (T)/AutL(g, cr) ^52'^(g,cr) . 

Corollary 5.10. Any element 0/ Aut2''I/(g, cr); resp. Aut2^L(g, cr) is quasiconjugate to some 
G Autg'^ I/(g, 0") with 0c = — c, 0d = —d, 0u G L(g,cr) and 0u(t) = (foiu{—t)), resp. to 
some (f G Aut2^L(g, a) with ipu{t) = (pQ{u{—t)) where (fo G Autg is constant. 

Remark 5.11. Also in this case it is not always possible to conjugate ip G Aut2'^L(g, a) (or 
G Auta"^ I/(g, 0")) to one with (pt constant. For example an involution (p of the second kind 
on L(g) with invariant [(p+, where (p± G Intg and ip+ is not conjugate to ip- in Intg is 
not conjugate to a G Aut2i^(g) with 0t constant. 

Remark 5.12. The mapping ip \—>- ip'^ from Aut2'^L(g, a) to Aut^L(g, a) induces the mapping 
^2^(9, c^) 3?(0, cr), [(p+, ip-] (0, g, [(y9lV+]) where ^ G is conjugate to ipl = (p'i. 



6 Involutions 



In this chapter we specialize our results to involutions (automorphisms of order 2) and de- 
rive an explicit classification of all involutions of L{q, a) and L{g, a) up to conjugation (more 
generally quasiconjugation) in case q is compact or complex. Actually we may restrict our- 
selves to the compact case and moreover to the case of loop algebras. For the classifications 
in the other cases are in a natural bijection with this by Theorem 17.51 of the next chapter, 
Corollary 13.31 and Proposition 13.81 Thus let be a real compact simple Lie algebra and 
hence of type a„(n > 1), b„(n > 2), c„(n > 3), 0„(n > 4), Cq, ey, Cs, fi or 02- The group 
7ro(Autg) = Autg/Intg of connected components of Autg is isomorphic to the group of iso- 
morphisms of the Dynkin diagram of g and therefore isomorphic to 1, Z2 or the symmetric 
group 5*3. In particular the conjugacy classes of 7ro(Autg) are determined by their order. 
Hence according to 12.131 L(g, a) and L(g, a) are isomorphic if and only if o(cr) = o(cr) where 
0(0") denotes the order of a in Autg/Intg (i.e. the smallest k such that cr'' G Intg). We 
denote by g^^^ (resp. g'^'^^) any L{Q,cr) (resp. L{q,(7)) with o(cr) = k. 

6.1 Involutions of the first kind 

By the general results of chapter 4, involutions of the first kind are up to quasiconjugation 
with isomorphisms of the first kind (actually with arbitrary isomorphisms, see below) in 
bijective correspondence with the set of triples 

where p G {0,1} and g G Aut^g represents a conjugacy class of automorphisms of order 
r := (p, 2), the greatest common divisor ofp and 2, where P G (Autg)^ and [/?] denotes the 
conjugacy class of (3 ■ ((Autg)'?)o in 7ro((Autg)^). We call involutions of the first kind with 
p = (resp. p = 1) of type la (resp. lb). In case la, r = 2 and g is an involution while in 
case lb, r = 1 and g = id. 

Thus the list of conjugacy classes of involutions of type la is a certain refinement of 
Cartan's list of involutions g by the conjugacy classes of 7ro((Autg)^). We therefore start by 
recalling Cartan's list, thereby fixing a list A'^{q) of representatives of conjugacy classes of 



involutions on each simple Q. This will be used throughout this chapter and will be called 
the standard list of involutions. For later use we also indicate the outer involutions in this 
list. Note that g is outer if and only if the rank of fi := is less than the rank of g. 



STANDARD LIST OF INVOLUTIONS A^{q) 



Q 


Q 


Q outer 


ai 


= su(2) 




Qi :— Adri 


- 




= su(2n + 1) 


(n>l) 


Qp := AdTp (1 < p < n), g^+i := 


Qn+l 




_i = 5u(2n) 


(n > 2) 


:= AdTp (1 < p < n), Qn+i := A*, 


Qn+l, Qn+2 








^„+2 //AdJ 




K 


= so(2n + 1) 


(n > 2) 


^p := AdTp {1 <p < n) 


- 




= spH 


(n > 3) 


Qp := AdTp (1 < p < [f]), e[^]+i Adi£;„ 


- 


f4 


= 50(8) 




Qp := AdTp (1 < p < 4) 


Qi,Q3 




= 50 (2n) 


{n > 5) 


^p := AdTp (1 < p < n), Qn+i := Ad J 


Qp, (p odd, 1 < p < n) 


ee 






^'l; Q2, Q3, QA 


Qi, Qa 












es 






Qi,Q2 




U 






Qi,Q2 










Qi 




The 


notations are 


as follows 


. Tp denotes the diagonal matrix of appropriate size whose 



first p diagonal elements are —1 and whose other diagonal elements are 1. J denotes the 
( 

matrix where is the n x n unit matrix and /j, e Aut(5u(n)) is complex 

conjugation. Note that in case Oi, = Ad J and Ad J is conjugate to AdTi while in case 
34, AdJ is conjugate to AdT2 (corresponding to Cartan's isomorphisms of symmetric spaces 



in low dimensions). The symplectic algebra 5p{n) is viewed as a subalgebra of the n x n 
quaternionic matrices. If g = eg the involutions Qi, ■ ■ ■ , are chosen to commute, which 
is possible by Lemma IA.8I of Appendix A. In case of the exceptional algebras the order 
of succession of the Qi is chosen in the standard way corresponding to Cartan's symmetric 
spaces E I - E XII. In particular - and only this will be used - and are outer in case of 
eg and the fixed point algebra of g2 in case of is isomorphic to so(12) +su(2). 
The group 7ro((Autg)^) of connected components of (Autg)^ has been determined by Cartan 
|Car| and Takeuchi |Tak| . It is isomorphic to 1,Z2,Z2 x Z2,D4 (the dihedral group with 8 
elements) or 5*4 (the symmetric group in 4 letters). ©4, which may be identified with the 
symmetries of the standard unit square, has 5 conjugacy classes: {id}, {—id}, the reflections 
along the two axes, the reflections along the two diagonals, and the rotations by angles ±n/2. 
Also 5*4 has 5 conjugacy classes, namely the sets of cycles of order 1 to 4 and the set of 
products {a,b){c,d) of two cycles with {a,b,c,d} = {1,...,4}. In particular any element 
in 7ro((Autg)^) is conjugate to its inverse. According to 14.91 and 14.111 the classiflcation of 
involutions of the first kind up to conjugation with arbitrary automorphisms is therefore the 
same as up to conjugation only with automorphisms of the first kind. 

The group 7ro((Aut0)'?) contains the group 7ro((Intg)^) of connected components of (Intg)^ 
as a normal subgroup and is actually the semidirect product of this with a subgroup F of 
Autg/Intg. These groups are listed in |Loo| p. 156, and by this list one can find representa- 
tives of the conjugacy classes of 7ro((Aut0)^) in most cases easily. The results are contained 
in Table 1. For more details (including a simplified calculation of these groups) we refer to 
Appendix A. We denote the representatives of the conjugacy classes of 7ro((Autg)^) in this list 
by a and their order in Autg/Intg by k (i.e. k = o{a)). In case of g = 67 we let ap := e^'^^p 
where Xp G g is an arbitrary non zero element with QpXp = —Xp and (adXp)^ = — tt^ adXp 
(cf. Appendix A). 

An involution corresponding to {g,a) is given by u{t) giuit)) on L{g,a) = g^''\ It has 

fixed point algebra L{t, cr|J, where t = g^, and extends to L{q, a) by c t— > c, d 

By simply rearranging Table 1 we get the classification of conjugacy classes of involutions 



TABLE 1 

REPRESENTATIVES a OF CONJUGACY CLASSES OF 7ro((Autfl)e) 





Q 


7ro((Inta)^) 


7ro((Auta)f) 


cr(A; = 1) 


o-ffc = 2) 


o-ffc = 3) 


Cli 








id // 








rt„ fl < P < n + 1) 


1 


Z2 


id 


f}^ 1 1 

t:n-|-i 




tio^ 1 in, > 2^ 


t; p V — ^ / 


1 


Zo 


id 










Zo 


Zo X Zo 


id, Ad J 


/0„ 1 1 Cinr, 1 

t:7i+i 5 trn+z 








Zo 


Zo X Zo 


id 










1 


Zo 


id 


trn+z 




f)„ in > 2) 


ri <^ o <^ TT-i 

t^p V / 




Zo 


id £*i AdTn_Li 






Con-i (n > 2) 


pj^ {\ < p < n] 


1 


1 


id 












Zo 


id, Adj-E 






C9^ (n > 2) 


idp \^ -1 F ^ 


1 


1 


id 








Qn 


Z2 


Z2 


id, Ad J 










Z2 


Z2 


id, Adji; 








n„ fr) = 1 or 3) 


1 


Zo 


id 










Z2 


1^1 X Z2 


id, Pifiia 










Z2 X Z2 


^4 


id. Ad J 






^zn \' __ ^ J 


Or. (1 < V < 2n) 














p even 


Z2 
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p odd 
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id 
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Z2 X Z2 
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Z2 
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id, ^2n 
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Zo 


id 
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£•1, £"2, £'3, 84 


1 


Z2 


id 


£•1 




e? 


Qp {p= 1 or 3) 


Z2 


Z2 


id, o-p 








82 


1 
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id 






eg 


01, 02 
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1 


id 






U 


01, 02 
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1 


id 






02 


81 


1 


1 


id 







T/ie notations are that of the Standard List. In case 67, CTp = e" /or some X e g with QpX = —X,X ^ 0, and 
{adXf = ~n^{adX). 



of type la given in Table 2. It lists under g^''^ all pairs {g, a) from Table 1 where g is from 
the standard list of involutions on g and a represents a conjugacy class of 7ro((Aut0)^) with 
o((j) = k. 

Involutions of type lb are classified by the conjugacy classes [P] of Autg/Intg and are 
represented by u{t) i-^ Pu{t + vr) on L(q, P'"^) = g*^'^) where k = o(/?~^). In particular k = 1 
or 3, and 3 only occurs once, namely in case g = so (8) and (3 the triality automorphism. 
On L(g) = Q^^^ there are up to conjugation one or two involutions of type lb depending on 
whether g admits no or one outer involution. The results are also listed in Table 2. 
The fixed point algebra of ^(t) [3u{t + vr) is {u{t) \ u{t + vr) = [3~^u{t)} C L(g,/?~^) and 
is thus isomorphic to g*^'^ with / = o(/5). 

Remark 6.1. By means of the fixed point algebras it can be checked easily that the above 
classification of involutions of the first kind is in bijection with that of Bausch and Rousseau 
( |BR| . Tables p. 133 - 138) although the latter was obtained in the algebraic case, i.e. by 
working with algebraic instead of smooth loops. But we will give an a priori proof in chapter 
8 that both classifications coincide, thus obtaining in particular a simplified proof of their 
classification. 

6.2 Involutions of the second kind 

By the results of chapter 5 the quasiconjugacy classes of involutions of the second kind are 
in bijection with the equivalence classes [^+, g-] of pairs {g+, g^) of automorphisms of g with 
g\ = id. Two equivalence classes [g+, g^] and [g+, g^] coincide if and only if g+ = ag+a~^ 
and g- = (3g-(3~^ or ^+ = ag-^a^^ and g^ = j3g+l3^^ for some G Autg with a~^l3 G 
Intg. An involution corresponding to [g+, g^] is given for example by u{t) g^{u{—t)) on 
L(g,cr) = g*^^^ where a = g-g+ and k = d{g^g+) is the order of g-g+ in Autg/Intg. It 
extends to L(g, a) = g*^*"') by c ^— > — c, d ^— —d. 

To determine the equivalence classes [g+, g^] more explicitly we first describe the involutions 
on each g up to conjugation with inner automorphisms. 



TABLE 2 

INVOLUTIONS OF THE FIRST KIND 





ie, 0-) (type la) 


P (type lb) 


number 




(ei,id), {gi,n) 


lu 


1 1 


in>2) 


{ep,id), l<p<n+l 


id,M 


(n + 1) + 2 




(^p, idj, 1 < j> < n + 
AdJj, (£i„+i, Q\) 


id,M 


(n + 4) + 2 


b'h^ (n>2) 


{QpM), 1 <P <n 

{qp, 0iAdTp+i), l<p<n 


IQ 


Zn + i 


C2„_i (n > 2) 


{Qp, id), 1 <p<n 


lu 


(n + i) + i 


^(1) \ ON 


{Qn,AdjE) 






\Qp,\(X), i < p < n + i 
(£.„,AdJ),(e„+i,Adji;) 


lu 


\n + 6) + I 




(£•2, giQa), (£'4, AciJj 


id, ^1 


D + Z 


(n>3) 


(£>p,id), l<p<2n+l 

{Q21, £>lAdT2!+l), 1 < Z < n 


id, 


(3n + 3) + 2 




(.^2n, ^2n+lj, (,^2n+l, Q2n) 






(£>p,idj, 1 < p < in 
(^2;,ei^2i+i), 1 < Z < n - 1 


iA 

id, Qi 


on + 2 




(fiipiid), 1 < p < 4 


id, Qi 


4 + 2 




(ep,^), 1 < p < 3 


id 


5 + i 


^8 


( ^ 'iA\ { ^ \A\ 


\A 

lu 


2+1 


f(l) 


(^i)id), (^2, id) 


irl 
lU 


2+1 






\A 
lU 


1 + i 




{Qp,Qn+l), 1 < p < n + 1 




(n + l) + 


'*2n-l 


(e'p, fiin+l), 1 < p < n + 1 




(n + 4) + 


41"^ (n>2) 


6'n+2), (filn+l, PlPn+l), {Qn+2, Qn+2) 






{Q2i-i,Q2i-i}, I <l <n 
{Q2i,gi), l<l<n 
{Q2hQ2i+i), l<l<n-l 




on + (J 


J'2n-1 [n > 3) 


{Q2n, 8lQ2n+l) 






(£'2;-i, £'2;-i), 1 < < < n 
(^2/, Q\), 1 < / < n - 1) 

( OO] . 09/_L1 ^ — 1 

(£'2n-l, ^?2r^-l^?2n), iQ2n, Q2n-l) 




3n + U 




{Qp,gi), 1 < p < 4 




4 + 






1? 


1 + 1 



Proposition 6.2. A list of representatives of involutions on each g up to conjugation with 
inner automorphisms is obtained from the standard list as follows. 

(i) If Q is not isomorphic to '02m — 50 (4m) then one can take the same list (two involutions 
which are conjugate are also conjugate by an inner automorphism in this case). 

(a) If g = so (4m) and m > 3 then one gets a complete list by adding f?2m+i ■= QiQ2m+iQi- 

(Hi) If g = so(8) a list is given by Qp, g'p, g'p (1 < p < 3) and §4 where g'p = 'dgp'O"^, g'^ = 
anc? 1!} denotes the triality automorphism. 

Proof If Q11 ■ ■ ■ 1 Qk £ Aut(0) are the involutions from the standard list and ai := id, 
a2,...,(yi G Autg are representatives of the elements of Autg/Intg then any involution is 
conjugate by an inner automorphism to at least one of the a^gja'^ (1 < ^ < 1 < j < A^)- 
This proves in particular (i) since in all cases there, either / = 1, or / = 2 and 0^2 can be 
chosen to commute with the gj. In fact, in the cases su{n), 5o(4m + 2) and Zq one may take 
a2 = /i,Adr2m+i, and gi, respectively. 

(ii) If = so (4m) and m > 3 we also have / = 2 and may take 02 '■= Adri, which commutes 
with all gp except g2m+i = AdJ. Moreover a2f?2m+ia2 ^ = Adri Jri is not conjugate to AdJ 
by an inner automorphism as {A E 0(4m) | AJA'^^ = ±J} = U{2m) U ( ) ■ 

y —E2m J 

[/(2m) C 50(4m). 

(iii) Finally, if g = so(8) then Autg/Intg = ^3 and for any x,y E Autg/Intg with ord x = 2 
and ord y = 3 one has xyx~^ = y'^ and Autg/Intg = {1, x, yx = y'^xy~'^, y'^x = yxy~^, y, y"^}. 
This applies to a; = ^1 = ^3 and y = where a denotes the image of a G Autg in Autg/Intg 
and shows in particular that gp, g'p, g'p are pairwise not conjugate by an inner automorphism 
in case p = 1 and 3. Since g^ commutes with (cf. [LooJ) a complete list of representatives 
can therefore be found among the gp, g'p, g'p {I < p < 3) and g^, and the only question is 
whether g'2 and g'2 have to be deleted. But this is not the case. For g2 = Adr2 and AdJ (which 
are conjugate by an outer automorphism) are not conjugate by an inner automorphism as 
T2 and ±J have different eigenvalues. Thus g'2 and g'2 can not both be deleted and from this 
it follows easily that neither of them can be deleted. □ 



Theorem 6.3. The conjugacy classes of involutions of the second kind on each q^'^^ are in 
bijection with the pairs [g^, g^] of Table 3. A representative corresponding to [g+, g^] is given 
by u(t) ^ g^{u{—t)) on L{Q,g^g^) and this extends to an automorphism of L{q, g^g+) by 
c I— >• — c, d I— >• —d. 

Proof. By the discussion above we have to determine the equivalence classes [g+, g^] of the 
g± G Autg with g\ = id, and k := d{g_g^). This can be done easily in most cases by means 
of Cartan's list in combination with Proposition I6.2[ Each such [g^, g^] then corresponds to 
a unique conjugacy class of involutions of the second kind on g*^'^^ and vice versa. 
More precisely, if g is not isomorphic to so (4m) then g+ and g- may be taken from the 
standard list (say {gi, . . . , gr}) enlarged by go := id. Hence the [gp, g^] with < p < q < r 
represent all equivalence classes [g+, g-], and without repetition. Moreover k = 1 if g^g^ is 
inner and k = 2 otherwise. 

If = so (4m) and m > 3 then g± may be chosen from {gp = Adxp | < p < 2m} U 
{fem+i = AdJ, g'2j^^i = AdriJri}. Since Adri commutes with gp if p < 2m (and hence 
[Qpj f?2m+i] = [f?p5 Q2m+i]), a complctc list of equivalence classes is given by the [gp, gq] with 
< p < q < 2m + 1 together with [f?2m+i, f?2m+i]- Again, A; = 1 if ^_^4. is inner and k = 2 
otherwise. 

The most interesting case is g = so(8). Here we may take g± from {go = id, g^} U 

3 

U {Qpy Qpi Q'p}^ ^iid g+ actually from {gp | < p < 4} as we may conjugate g+, g- simulta- 
neously by "i? or 'd'^ . Since and ^4 commute with 'd, since [gp, g'^ = [d"^ gp-d'"^ , i!}"^ g'q'd~'^] = 
[Qp, 0q] = [Qq, 0p], and [gp, g'^] = [dgigpgi^"^ ,i!}gii!}gg^~'^ gii!}~^] = [g'p, gg] (note gi^ = ^~'^agi 
for some a G Int so(8)), a complete list of representatives is given by the [gp, gq] with 
< p < q < 4: together with the [gp, g'^] with 1 < p < q < 3. Also note that [gp, gq] 7^ [gp, g'g] 
as gq and g'^ are not conjugate by an inner automorphism. If [gj^, g^] = [gp, gq] then k = 1 
ov k = 2 according to p + g being even or odd. Since g2 and g'2 are inner the k of [g2, g'p] and 
[gp, g'2] is 1 if p is even and 2 if p is odd. Finally the [gp, g'^] with p,q E {1, 3} have = 3 as 
■dgq'd'^gp = 'd'^gqgp = '(P in Autg/Intg. □ 



TABLE .3 

INVOLUTIONS OF THE SECOND KIND 
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Qq] (0 < P < q <'2n,p + q odd) , 




n(n + 2) 










[Qp 
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The notations are that of the standard list with the additional conventions Qo := id, g2n+i = QiQ2n+iQi if £( = f2n, 
n > 3, and Qp = 'dQp'9~^ if = f4- A conjugacy class corresponding to [q+, Q-\ is represented by u{t) 1— > Q^{u{—i)) 
on 1/(0, Q-Q+) = 0''*-' where fc is the smallest positive integer such that {q-Q+)'' e Int0. This representative extends 
to o'*'' by c — c, d — d. 



Remark 6.4. There is a close connection between involutions of the second kind on affine 
Kac-Moody algebras and Hermann examples of hyperpolar actions on compact Lie groups. 
An Hermann example of a hyperpolar action is the action of Kj^ x on G by (/c+, kJ).g = 
k+gkZ^ where G is a compact Lie group and K± are symmetric subgroups, i.e. (open 
subgroups of) fixed point groups of involutions q± on G. This action is hyperpolar in 
the sense that there exists a torus in G which meets every orbit and always orthogonally. 
KoUross |Kol| has classified hyperpolar actions on compact simple, simply connected Lie 
groups G and proved that they are either Hermann examples, a actions (the action of 
{{g,a{g)) \ g G G} on G for some a G Aut G) or cohomogeneity 1 actions. Moreover he 
has classified Hermann actions up to a natural equivalence (cf. also |MatT| ) and his list 
coincides with our list of equivalence classes [q+, Q-] with q± ^ id. Thus there is (almost) 
a bijection between Hermann examples and involutions of the second kind. In |HPTT| 
this has been already observed for a special class of involutions, namely those which leave 
the subspace Mc + Mrf of a Kac-Moody algebra I/(g, a) invariant; but as we proved above, 
any involution is quasiconjugate to such a special one. An explanation for this surprising 
bijection lies in Terng's construction of P{G, H) actions on Hilberts spaces which associates 
to each hyperpolar action of C G x G on G the action of the group P(G, H) of iJ^-curves 
in G with endpoints in H on the Hilbert space i^^([0, 1], g) by gauge transformations. Under 
this mapping the Hermann example of fC+ x on G with K± = G^^ corresponds to the 
isotropy representation of the "Kac-Moody symmetric space" defined by the involution of the 
second kind with invariant [q+, Q-\ while the cr-actions correspond to the group case, i.e. to 
the adjoint action of the associated Kac-Moody group on I/(g, cr) (cf. |HPTT| and |Heil| ). 
In |Gro| it has been shown that the isotropy representation of any Kac-Moody symmetric 
space is (hyper)polar. 

Remark 6.5. Involutions of the second kind have been classified in the algebraic case 
by IB3RI , Tables I, II, p. 85 - 94]. These authors obtained exactly the same number of 



involutions of the second kind in each case as we do, except for 1^4^'* where they seem to have 
overlooked some redundancies and obtained 14 instead of 10. Actually they classified almost 



split real forms of complex affine Kac-Moody algebras. But as we will see later these are in 
bijection with involutions of the second kind (Chapter 7) and the classifications coincide in 
the smooth and algebraic case (Chapter 8). 

7 Real forms 

In this chapter let g be a complex simple Lie algebra, a G Autg and Q either the loop algebra 
L(g,cr) or the affine Kac-Moody algebra L{g,a). 

Our purpose is to show that real forms of Q correspond, like in finite dimensions, to involu- 
tions of a "compact real form" U oiQ and are hence classified by the results of the last chapter, 
and furthermore that each real form of Q has a Cartan decomposition which is unique up to 
conjugation. To this end we prove that extensions of automorphisms of finite order of W to 
linear, resp. conjugate linear automorphisms of Q induce bijections between their conjugacy 
classes, also as in finite dimensions. Some relevant finite dimensional background material 
is given in Appendix B. 

We first note that in the complex case (as well as in the compact case), 5^ (g, cr) only depends 
on the order o(cr) of [a] in Autg/Intg (cf. 12.141 and the introduction of Chapter 6). We 
therefore define 5^ (g, k) to be ^i(g, <j) if o(cr) = k. 

Now let ip G AutL(g, a) ov E Autl/(g, a) with induced be a conjugate linear auto- 
morphism. Then (p is standard by 12.171 and 13.41 that is of the form ipu{t) = {pt{u{X{t))) 
where ipt G Autg depends smoothly on t and A : R ^ M is a diffeomorphism with 
X(t + 2n) = \(t) + e2n (actuallyA(i(:) = et + if ip is induced by (p) for some e G {±1} 
and ipt+2TT = o'ipt<7~''. To avoid confusion with the existing literature we call ip or (p to be 
of type 1 (resp. type 2) if e = 1 (resp. e = —1) (in [R...] those of type 1 are called of 
2"^^ kind and those of type 2 of kind). We denote by Autj^ the set of conjugate linear 
automorphisms of Q of type i and by Aut^^^ the subset of those of order 2q. Recall that the 
order of a conjugate linear automorphism is always even (if finite). 

In the following let u C g be a fixed compact real form of g and u the conjugation with respect 



to u. Furthermore let for each r G N, be a fixed set of representatives of the conjugacy 
classes of Aufg U AuFg. Of course A" = U where C Aut^g and A' C AuFg are 
sets of representatives of conjugacy classes of Aut'^g and AuFg, respectively. 

Definition 7.1. Let q eN and k := o{a). 

(i) fi{d,k) := {{p,0o,[l3]) \ P e {0,l,...,2q-l},g e A n c^«'Autg,/3 G (cu'Autg)^ 
ois^'P'^') = k} where r = r{p,2q),q' = q'{p,2q) and I = l{p,2q) are as in \4.3\ and [P] 
denotes the conjugacy class of the image of P in 7ro((Autg U Autg)^). 

(^i) ^l^id^k) := {[v9+,v9_] I Lp± G Autg, ipl = ipl, ord(v9^) = g,o(v9lV+) = k}, where 
{(p+,(p-) and (<^+,(^_) like in \5.S\ are called equivalent if (p+ = a(p±a^'^ and = 
I3ip±(3~'^ for some a,P E Autg with a~^P G ((Autg)'^+)o and denotes the 

equivalence class. 

Then we can associate to each G Aut^''L(g, a) an invariant in ^^'^(g, k) in the same manner 
as in the complex linear case. If <^ G Aut^''L(g, a), the invariant of is by definition that 
of the induced G Aut^''L(g, a). Like in the complex linear case the following result holds 
(cf. lOim . 

Theorem 7.2. For any g G N andi G {1, 2}, the mapping Ant^'^Q — > ^^^'^(g, k) that associates 
to each or (p its invariant, induces bijections 

where the quotients denote the sets of conjugacy classes with respect to Auti^ and Aut^, 
respectively. Moreover Ant^Q / AntQ is in bijection with :3^''(g, where ~ denotes an 

equivalence relation which is trivial in case q = 1. □ 

If u C g is a compact real form of g invariant under a we call L(u, a\) or L(u, a\) a compact 
real form of L(g, a), resp., L{g, a), where a\ denotes the restriction of a to u. More generally 
we make the following definition: 



Definition 7.3. U C Q is called a compact real form of Q if there exists a G Autg, a 
compact a-invariant real form u of Q, and an isomorphism ^ : Q ^ Q with ^lA — lA where 
Q — L{Q,a) andU — L{u,a\) (resp. L(0, cr) and L{u,d\)). 

Proposition 7.4. Q has a compact real form and this is unique up to conjugation: IfUi,U2 
are two compact real forms of Q then there exists $ G Aut^ with ^Ui — ZY2. 

Proof. For simplicity we restrict to the case Q — L{g,a). Since we may assume a to be 
of finite order, q has a compact cr-invariant real form u (cf. (B) of Appendix B) and thus 
Q a compact real form Ui = L{u,a\). li U2 = ^^1/(11, a|) is a second, where a e Autg, 
"if : L{g, a) — > L{g, a) is an isomorphism, and u is a cr-invariant compact real form of g we 
may assume u = u after eventually conjugating u and a. 

Since Q and Q are isomorphic, d{a) = o(a), and hence also o{o'\) = o{d'\) as Autu/Intu is 
naturally isomorphic with Autg/Intg (cf. Appendix B). Thus there exists an isomorphism 
from L(u, (7|) to L{u,a\) and this extends to an isomorphism x : ^ — > L{Q,a). Therefore 
$ ^ o X : ^ ^ is an isomorphism with $(W) = Ui. □ 

In the following we fix one compact real form UofQ and denote by Q e Aut^ the conjugation 
in Q with respect to U. The complex linear and conjugate linear extensions of automorphisms 
<l> e AutU to $c £ Aut^ and G Aut^, respectively, induce mappings between the 

conjugacy classes. Similar as in finite dimensions (cf. Appendix B) we have the following 
result. 

Theorem 7.5. Complex linear resp. conjugate linear extensions of automorphisms of U 
from U to Q induce the following bijections between conjugacy classes. 

(i) Aut^W/AutiW Autf^/Auti^ e N, if i ^ I, resp., q even ifi^2) 

(ii) kvXl'^U/kuUU A^tf ^/Auti^? (q even, ifi — 1, resp., q if i — 2) 
(Hi ) {Aut\U U Auti^W) /AutiW ^ A^Itf ^ /Auti^ (q odd) 

where i e {1, 2}. 



Remark 7.6. The theorem also holds if AutiW and Auti^ in the denominators are replaced 
by AutW and Aut^. This is clear if i = 2 by 15.11 and also if i = 1 and the automorphisms 
have order < 2 by I4.9[ It follows otherwise by a slight extension of the proof below. 

Proof of Theorem 1 7. 51 Since conjugacy classes of automorphisms of order q are parametrized 
by their invariants it is enough to show that the above mappings induce bijections between 
the corresponding sets of invariants. 

1. We begin with automorphisms of the first kind {i = 1). The induced mappings between 
the invariants are 

(i) (P, ^, [f3]) ^ {p,Qc, [/5c]) , 

(ii) {p,g,m^{p,gcu;'^',[/3cu^']) , 

(iii) 5?(u, k) 3 iP, Q, [P]) ^ (p := 2p, gcuj"', [/?c^']) , 
fi%n, k) 3 {p, g, m ^ {p, gcu'i', [Pcu^']) 

where q' = q'{p, 2q) and I = l{p, 2q) are determined from p and 2q by 14.31 Here we have 
chosen the representatives of the conjugacy classes of automorphisms of finite order on 
u and Q in such a way that 

(a) A'{Q) = {vc\v^^'{y^)} 

(b) ^^''(s) = {'^c^ I ^ ^^''(u)} if r is even, and 

(c) A^''{q) = {ifcuj I if e .4"(u)} U {ifcLU I if e A^'^u)} if r is odd. 

This is possible due to Proposition B.l from the Appendix. 

Thus for fixed p, the bijectivity g ^ gc is clear in (i) from (a) and that of ^ ^ gc^'^' 
in (ii) from (a) if q' = 2q/ (p, 2q) even and from (b) if q' is odd as the order r = (p, 2q) 
of g is divisible by 4 in this case. Similarly the bijectivity g ^ gcco'^' follows in (iii) 
from (a) if p is odd (and hence q' even) and from (c) if p is even (hence q' odd). Note 
that in the first line of (iii) above the order of g, i.e. the greatest common divisor of p 
and q is odd, while in the second line it is even if p is even. 



The bijectivity of the mappings between the sets of invariants follows from Proposition 
B.2. 

2. We now consider automorphisms of the second kind (i = 2). The induced map- 
pings ^l'^{u,k) ^l'^{Q,k) resp. Zl%d,k) are given by [ip+,ip-] ^ [(^+c,<^-c] ^esp. 
[(fi+^U!,(p^^uj]. The proof of surjectivity amounts to show that for any ^ 
^I'^idy k)^d2^{d, k) there exist a,/? G Autg with a^^(3 G ((Aut0)*+)o such that aipj^a"'^ 
and leave u invariant. After a first conjugation of -0+ and '0_ with the same 

automorphism (a = (3) we may assume ip-U = u as ■0_ has finite order (cf. (B) of Ap- 
pendix B). Thus -0^ = -0^ leaves u invariant and we are looking for an a e ((Aut0)'^+)o 
with aijj+a^^{u) = u. Let iJj^ = ipoe^'^^ with 'iIjo{u) = u and X e iu (cf. (A) 
of Appendix B). Then i/j'^e'^^ = ^oe'^^V'o = '00^'"^'^°'^ and hence -0+ = "00 
ipoX — —X by the uniqueness of this decomposition (cf. (A) of Appendix B). Thus we 
may choose a := e^^l"^-^ which conjugates t/'^ to and is contained in ((Aut0)'''+)o 
as i)\X = i)lX = X. 

To prove injectivity, let [(^+, (^_] G CJ2^(u, fc) with ['0+,'0_] = [-i/^+j-i/J.] where 

■0^ and '\l)± are the complex resp. conjugate linear extensions of v^±,<^± to 0. After 
eventually interchanging with (^_, there hence exist ol± G Autg with -0^ = OL±'^±a^ 
and oC^OL- G ((Aut0)'^+)o. For each a G Autg'^ = Autg U Autg there exist unique 
a' G Autg"* and X G iu with a'(u) = u and a = a'e^^ (cf. Appendix B). Let 
a± = a'^e"^^^ with a^(u) = u and X± G in. Then (V^±a^) • e^'^^* = (a^^/;±)e^'^'^^'^±. 
Hence ■0± = q;'_j_'0±Q;± \ and ■0±-'^± = -'^i, implying e^'^^* G ((Aut0)'^+)o and V'_ G 
((Autg)'^+)o. In other words we may assume that a± leave u invariant. If £ Autg 
leaves u invariant then it follows from the decomposition of the elements of Autg"^ 
described above that (Autg)"^ = {a G (Autg)"^ | au = u} • {e''''^ | X G iu'^} and hence 
that {a G (Aut0)o | au = u} = {a G (Autg)''^ | an — u}o. Thus the restriction of 
a'^a- to u is contained in ((Autu)'''+)o. This finally shows [v?+,v^_] = [p+^Cp-] and 
finishes the proof of the injectivity of 52^(u, k) k) (resp. 52^(0, A;)). □ 

We now restrict to the case of conjugate linear involutions. Their fixed point sets are the 



real forms of Q. The real forms of Q corresponding to conjugate linear involutions of type 1 
are called almost compact and those corresponding to involutions of type 2 almost split. 
According to l7.5l (iii) the almost compact real forms are in bijection with {id^jUAut^W/AutW, 
where of course idu corresponds to the compact real form. The conjugacy classes of almost 
split real forms are by 17.51 (ii) in bijection with Aut2W/AutW. Thus we have the following 
result, completely analogous to the finite dimensional case: 

Corollary 7.7. Let U be a compact real form of Q. Then the conjugacy classes of non- 
compact real forms of Q are in bijection with the conjugacy classes of involutions on U. 
The correspondence is given by lA = K, + V^K, + iV where JC and V are the (+1)- and 
{—l)-eigenspaces of the involution. □ 

Corollary 7.8. Each element ofZiid^ ^) can be represented by a conjugate linear involution 
of the form ipu{t) = ipou{et + to) with ipo G Autg, (and tQ = if e = —1 , to E {0,7r} if 
e = +1) on some L{Q,a). 

Proof. The corresponding statement is true for ^^(u, A;) and ^\{u,k) and thus follows for 
r??(g./c) from[73](ii) and (iii). □ 

There are two obvious candidates of real forms of L{q, a) (and similarly for I/(g, a)), namely 
L(g*,(j*) where g* is a a-invariant real form of g and a* denotes the restriction of a to g*, 
and L7r(g,<^) := {m : M — g | u{t + vr) = ifu{t), u E C°°} = L{q,lp) where cp G Autg 
satisfies = a. Note that in the last case any u G L(g, a) can be uniquely decomposed 
as u+ + M„ with u±{t + tt) = ±(pu±(t) (by taking u± = ^{u(t) ± i^u(t — n))) and thus as 
Ml + iu2 := u+ + M- with Ui, U2 G i^7r(g, <f). 

Proposition 7.9. Up to quasiconjugation the real forms L(g*,cr*) and LT^{g,ip) o/L(g,cr) 
are precisely the real forms which correspond to involutions of type la and lb, respectively. 

Of course the analogous statements hold for L{g,a). 

Proof. (i) L{q*, a*) is the fixed point set of the conjugate linear involution u(t) ^— > uj*u(t) 
where u* G Autg denotes conjugation with respect to g*. Conversely, a conjugate linear 



involution of type la is quasiconjugate by l7.8l to one of the form u{t) i— » uj*u{t) on some 
a) where u* G Autg is an involution which commutes with a. Its fixed point set 
is {u e L{g,a) \ u{t) E Q*} = L{Q*,a*) where 0* is the real form corresponding to u* 
and a* is the restriction of a. 

(ii) Lt,{q, ({)) is the fixed point set of the conjugate linear involution u{t) ^ {p^^u(t + tt) of 
Conversely, a conjugate linear involution of type lb is quasiconjugate by 17.81 
to one of the form u{t) ^— Lp'^uit + Ti) on some a) where ip G Autg and (^~^cr = id, 
i.e. a = ({P'. '-' 

Hence, given g and a G Autg the following objects are in bijective correspondence: 

(i) Non compact real forms of I/(g,cr) (or L(0,cr)) of type 1 a up to isomorphism 

(ii) Pairs {g, [[3]) where q G ^^(g), /3 G (Autg)^, (3 is conjugate to a in 7ro(Autg), and [[3] 
denotes the conjugacy class of [3 in 7ro((Autg)^) 

(iii) Affine Kac-Moody algebras I/(g*,(T*) (or loop algebras L(g*,(T*)) up to isomorphism 
where g* is a non compact real form of g, a* G Autg*, and cr^ is conjugate to a in 
7ro(Autg). 

Note that the bijection between (ii) and (iii) also follows from Corollaries 13.51 and 12.131 
respectively, since q G ^^(g) corresponds to an isomorphism class of a non compact real 
form g* of g and L{Q*,a*) is isomorphic to I/(g*,cr*) if and only if a* and a* are conjugate 
in 7ro(Autg*) which is isomorphic to 7r((Autg)^) (cf. Proposition B.2 (i) of the Appendix). 
The almost split real forms of L(g, a) are in bijection with ^Kfli k) and thus with ^2(^5 ^) 
where u is a compact real form of g and k = o{a). If [g+, g^] G Zli^y k) then the corresponding 
real form of L(g, q^q+) = L{q, a) is 

Q* = {u e L{u, Q-Q+) I Q+u{t) = u{-t)} © i{u G L(u, g-g+) \ Q+u{t) = -u{-t)} 
= {u:R^u \ Q+u{t) = u{-t), Q^u{t + tt) = u{-t + vr), m G C°°} © 

© i{M : M ^ u I Q+u{t) = -u{-t), Q^u{t + tt) = -u{-t + tt), m G C°°} . 



Remark 7.10. If g-g+ has finite order, which we may assume by 18.141 and OTdg^g+ = I 
then Q* may be described by developing each u into its Fourier series also as follows. 

G* = {J^^Wne'"*/' I M„ G 0, g-g+Un = e^™/'M„, g+Un = uju„} 

n.eZ 

where the sums are supposed to represent C°°-functions, u : g ^ g denotes complex conju- 
gation with respect to u, and := g^^"^. In particular the finite sums Yl WnC*"*^' G G*, 

\n\<N 

which can be viewed by replacing e*"*/' by z as functions on C, take values in g\. and gl 
when restricted to the real line and the line Me'^*/', respectively. 

As an example let g = s[(2, C). Since g has no outer automorphisms all L{g, a), resp., L{g, cr) 
are isomorphic to L{g), resp., L{g). Up to conjugation g has only one involution, and this 

may be represented by r := Ad I or /i with fx A = —A*. A compact real form of g 

is u := 5u(2) and this is invariant under fi and r. Let lu be the conjugation with respect to 
u, i.e. uA = —A*. Up to conjugation, the only noncompact real form of g is g^'^ = sl(2, M). 
Moreover (Aut sl(2, C))^' has two connected components, represented e.g. by id and r. Thus 
the almost compact real forms of L(s[(2, C)) are up to quasconjugation 

1 a) L(su(2)),L(s[(2,M)),L(3l(2,M),r) 

1 b) L^(s[(2,C),u;). 

There are three almost split real forms of L(s[(2, C)) corresponding to {[id, id], [/x, /i], [/x, id]} = 

J|(s[(2,C)), and these may be described as 

{SM„e^"* I Un e su(2)} 

{SM„e^'^* I Un e s[(2,M)} 

{SM„e^'^*/2 I g s[(2,M) and G su(2)} 

where all sums are assumed to represent C°°-functions. 

We finally consider Cartan decompositions. Let G '■= L{g, cr) or L{g, a) be as above where g 
is complex (and simple) and a G Autg. 



Definition 7.11. Let Q* he a real form ofQ. Then a vector space decomposition Q* = IC + V 
is called a Cartan decomposition of Q* if there exists a compact real form U of Q such that 

ic = g* nu andv = g*niu. 

As in finite dimensions it follows that /C and V are the (+1)- and (— l)-eigenspaces of an 
involution on Q* and that conversely such an eigenspace decomposition Q* = fC + V with 
respect to some involution is a Cartan decomposition if and only \iU := /C + iP is a compact 
subalgebra of Q. 

Corollary 7.12. Any real form Q* of Q has a Cartan decomposition and this is unique up 
to conjugation. 

Proof. Existence follows from the fact that noncompact real forms Q* correspond to in- 
volutions on a compact real form U and thus arise as IC + iV where U = }C + V is the 
eigenspace decomposition of U with respect to some involution. Hence Q* = }C + iV is a 
Cartan decomposition. If Q* is compact we take /C := Q* and V := {0}. 
To prove uniqueness let Q* = }Ci + Vi = IC2 + V2 be two Cartan decompositions. Then 
Ui := /Ci + iVi and U2 := IC2 + i'P2 are two compact real forms of Q and hence isomorphic 
by EH Let a : Wi ^ W2 be an isomorphism and )C[ := a(/Ci), V[ := aciVi). The two 
decompositions of U2 into IC2 + iV2 and }C[ + iV[ yield isomorphic real forms Q* = JC2 + V2 
and acG* = IC[ + V[. Hence injectivity of the mapping in 17.51 (iii) yields an isomorphism /? 
of W2 with /3{IC[) = IC2 and PiiV'^) = iV2. Thus (3 o a : Ui ^ U2 maps /Ci to /C2 and iVi 
to iV2. Its complex linear extension therefore preserves Q* and conjugates the two Cartan 
decompositions. □ 

8 The algebraic case 

Involutions, finite order automorphisms and real forms of affine Kac-Moody algebras have 
been studied in the algebraic setting (cf. below) by numerous authors, starting with a paper 
by F. Levstein |Lev| and culminating in the classification of involutions and real forms in 
IB3RI and |BMR| . Our aim here is to show that our elementary methods also work in this 



case and lead to the same results as in the C°°-case if suitably modified and combined with 
a basic result of Levstein. In particular conjugacy classes of automorphisms of finite order 
as well as real forms are also classified in this situation by the invariants introduced above 
and are thus in bijection with their smooth counterparts. 

8.1 Preliminaries 

Let g be an arbitrary simple Lie algebra over F = M or C. Only from 18.4] onwards we will 
restrict g to be compact if F = M. Let a G Autg be an automorphism of finite order with 
a' = id (/ not necessarily the order of a) . Then we call 

^aig(0, a):={u:R^Q\uit + 2n) = au{t), u{t) = J] M„e'"*/', N en, E Qc} 

\n\<N 

the algebraic loop algebra where 0c denotes the complexification of g if F = M and gc = 
if F = C. Note that for F = M the sum is contained in g if and only if m_„ = where the 
bar denotes conjugation with respect to g. The algebraic loop algebra is a Lie algebra with 
the pointwise bracket [u,v]o{t) := [u{t),v{t)]. 

Remark 8.1. Usually one embeds Laig(g,a") into La\g{g) := I/aig(g,id) as {u : M ^ g | 
u{t + 2-11/1) = au{t),u{t) = ^n^*"* e Q,N eN,Un e gc} by u{t) t-> u{l ■ t). But for our 
purposes the above definition is more convenient. Note also that the embedding depends on 
I while i^aig(0, 0") is independent of /. In fact 

^aig(0, a) = {u:R^ g\u{t + 2n) = (ru{t), u{t) = ^ WnC^""*, N eN, m„ G gc, g„ e Q} 

\n\<N 

as u{t + 2nl) = u{t) implies g„ G jZ. 

Remark 8.2. The last description of i^aig(05 o") would make sense also for a cr G Autg which 
is not necessarily of finite order. But since the sums are finite there would exist for each u 
an / = l{u) with u{t + 2txI) = u{t) implying u{t) G s := {x G g | cr^x = x for some k G N}. 
Thus g could be replaced by s which is a a-invariant subalgebra on which a has finite order. 



Definition 8.3. If a e Autg and I G N with cr' = id we let 

for all n E Z. 

Of course, Qn+i — 0n and q = 0o©- • -QQi-i. Moreover, u{t) = ^Mnc'"*/' satisfies u{t + 2Ti) ~ 
au{t) if and only if m„ G Qn for all n. Since a leaves the Killing form (., .)o of invariant, 
(fln; 0m)o — unlcss I dividcs n + m. 

We now extend Laig{g, a) to the affine Kac-Moody algebra LgXg{Q, cr) in the usual way by 

LsXsiQ, <J) = i-aig(0, (t) + Fc + ¥d 

with 

[c, x] := [x, c] = 

[d, u] := —[u, d] := u' 
[u,v] := [u,v]o + {u',v)c 

for all X e LaXg{g,a) and li, G -^aig(0, cr), where u' denotes the derivative of u and {u,v) — 
^ J {u{t),v{t))odt is the averaged Killing form. Then I/aig(g,cr) is a Lie algebra and the 



following well known result is easily proved. 
Proposition 8.4. 

(i) The derived algebra L^ig(g,(j) of LgXg(Q,a) is equal to ivaig(0, cr) © Fc 
(a) Fc is the center o/Laig(0,cr) and L'^ig(Q, a) 
(Hi) Laig(0, (j) is isomorphic to L'^ig(Q,a)/¥c 

(iv) Laig(0,cr) is equal to its derived algebra. □ 

-f'aig(0,c) carries the natural symmetric biinvariant form (., .) which extends the biinvariant 
form on ivaig(0, cr) by the requirements c, d ± -^aig(0, cr), (c, c) = (o?, d) — 0, and (c, o?) = 1. 



8.2 Isomorphisms between loop algebras 

Let g be another simple Lie algebra over F and a e Autg with cr' = id. Then we have the 
following examples of isomorphisms: 

(i) Tr : Laig(5,cr) Laig(0,cT) with 

|n|<Ar |n|<Ar 

where r > and F = C. Note that this example does not exist if F = M (unless r = 1, 
i.e. Tr — id) since — in that case. Note also that the definition of does not 
depend on I (with cr' = id). 

(ii) (p : Laigid, a) l'aig(0, 5") standard, i.e. 

(pu{t) = (pt{u{et + to)) 

where e e {±1}, £ : g ^ is an isomorphism for all t G M such that (pt 

depends "algebraically" on t, that is cpt — (/7„e'"*/^ for some L,N E N and e 

|n|<Af 

Hom(0,0), and ipt+2iT = o^fto'"" (the "periodicity condition") holds. The periodicity 
condition is equivalent to (fu e -f'aig(0) 5"). The L in the description of (pt can be chosen 
to be the smallest common multiple of I and I (if a'' — a'' — id) and in particular to be 
I if a — a. 

Note that with also cp^^ depends algebraically on t. For the cpt may be viewed as 
invertible matrices whose entries are finite Laurent series and whose determinants are 
constant as the ipt preserve the nondegenerate Killing forms of q and g. The inverse of 
u{t) I— > (ft{u{et + to)) is thus also standard and given by 

u{t) ^ ip-\^t^{u{€t - eto)) . 

Theorem 8.5. Any isomorphism 

ijj : Laig(0, a) Laig(0, a) 



is of the form ip = ip o Tj. where (p is standard and r > 0, and this decomposition is unique. 
Moreover, ip is standard (i.e.r = l)if¥ = 'E.. 

Proof. We first assume F = C. 

(i) (Uniqueness) Let ip be standard, r > and p = t^. From u := Une^""^ we obtain 
V^t(M„)e*"'^^*+*o^ = ^jj ^ Since Qn = Qn+i we may replace nhy n + l 
and get |r| = 1 and hence r = 1 and thus Tr = id = p. Since r,. o = r^+s and the 
composition and inverses of standard isomorphisms are standard, uniqueness follows. 

(ii) (Existence) Let ip : Laig(0,cr) — > Laig(0,o") be an isomorphism. Let Cpgf(]R, C) := 
{ ^ a„e*"* I G N, a„ G C}. The essential point is to prove for each t G M the 
existence of a mapping at : Cp||(R, C) ^ C such that 

^{fu){t) = at{f)-ijiu){t) 

for all / G CpJ|(R, C) and u G Laig(g, cr). This follows exactly as in the smooth case, 
cf. the proof of I2.9[ From this we get 

-^ifu) = «(/) -^(m) 

for all / G C^if (M, C) and u G Laig(0, a) where a : C^if (M, C) C;^if (M, C) is defined 
by a(/)(t) := «*(/) since we can choose for example ip{u) to be a constant different 
from zero to see that a(/) is periodic and algebraic. The mapping a is necessarily 
an algebra homomorphism with «(!) = 1. From a(e**) ■ a(e~**) = 1 we conclude 
a(e**) = 6e*'^* for some 6 G C* and e G Z. Since t/^ and hence a are isomorphisms we 
actually get e G {±1}. Let a be a complex number with a'- = b and p^t '■ Q ^ Q he 
defined by 

^{uke''''/^) = pt{uk)ah'''''/^ 

where Uk G 0^ and G {0, . . . , / — 1}. If A; G Z is arbitrary and G 0^ we write k as 
k = k + ml with /c G {0, . . . , — 1} and m G Z and obtain 

^{ukc'^^'^) = V^(Mfce^^*/' ■ e^™*) = (foe^'*)"' ■ pt{uk)a!'e''^*/^ 



as well. Let a = r^/'e**°/' for some r > and to ^ I^- Then ipi^) = '^t{Tr{u{et + to)) for 
all u G i^aig(07 o") and the theorem follows. 

If F = R we decompose the complexification ifjic of ip ipc = if o r,. by means of (i) . 



Since t/'c commutes with the conjugation we have i^ciukC *''*/') = ipciuk^'^'"^^'') for any 



Uk G Qk and hence r ^/^(p{uke ^^^/^) = r^/^(f{ukd'^/^). This implies (pt{uk) = r'^^^''(pt{uk) 
and thus r = 1, since we may replace k hy k + 1 in the last equation without changing 

Uk- Q 

A direct calculation gives: 

Lemma 8.6. Let F = C and (p : i^aig(0;Cr) -^aig(0;Cr) be a standard automorphism with 
ipuit) = ipt{u{et + to)) and ipt= ^me'"^^'^ for some L,N eN. Let r > 0. Then 

\n\<N 

where '^if is the standard automorphism with the same e and to but with ^ipt = TiLp^'^^^^^^'^^^^ ■ 

We call an isomorphism ifj = ipoT^ : L^\^{q, a) -^^aig(0, cr) with ipu(t) = ipt{u{et + to)) be of 
the first (second) kind if e = 1 (resp. e = —1). By the last lemma and our previous results 
about standard isomorphisms (|3.10p this notion is invariant under conjugation. 

Corollary 8.7. (i) Any automorphism (p of L^\^{Q,a) of finite order and of the first kind 
is standard. Moreover Tr^r^^ = ^ip. 

(a) For each automorphism (p of the second kind there exists a unique r > such that 
Tr(pT^^ is standard. 

Proof. (i) Let (p> = (p> o Tr he of order k with (p> standard and r > 0. Then id = (p'' = ip^ Tj.k 
where ip is standard. Hence = 1 and thus r = 1. The second statement follows 
from 18. 6[ 

(ii) Let (p = (p o Tg with (p standard and s > 0. Then Tr(pT~^ = "^(p o r/2.g by 18.61 and the 
claim follows. '-' 



8.3 Isomorphisms between afRne Kac-Moody algebras 

We show in this subsection that there is a bijection between the sets of automorphisms 
of finite order of I/aig(05cr) and Li^ig{g,a) also in the algebraic case. This is known (and 
follows from |PK| . Theorem 2 and Corollary 11 and |Rou2| . Proposition I2.5p . We include an 
elementary proof also to make the paper self contained as much as possible. 
Any isomorphism : Laig(0, cr) Laig(0,5-) induces an isomorphism (p : I/^ig(g,cr) 
L'^i^{g,a) and any isomorphism (p between the derived algebras induces an isomorphism ip 
between the loop algebras by ignoring elements in the center. In particular we have natural 
homomorphisms Autl/aig(0, cr) Autl/'3^ig(g, a) and Autl/^[g(0, a) — > AutLaig(0, cr) which we 
simply denote hy (p and (p t-^ (p, respectively. 

Theorem 8.8. (i) Any isomorphism (p : Laig(g, cr) L^ig{g,a) extends to an isomor- 
phism : I/aig(g, cr) -f'aig(fl, 5"), that is ip ^ (p is surjective. 

(a) The mapping AntL'^i^^g, a) — > AutLaig(0, cr) given by (p ^ Lp is an isomorphism. 

(Hi) The kernel of the mapping AutLaig(0, cr) AutLf^jg(0, cr) given hy p ^ p is 

{p G Autl/aig(g, 0") I 3z/ G F : pc = pd = d + uc, pu = u, for all u G -^vaig(3, cr)} 

and thus isomorphic to (F, +). 

(iv) AutZ/aig(0, cr) = Aut(jZ/aig(0, cr) xF t(;/tere Aut(j denotes the subgroup of automorphisms 
preserving the natural bilinear form (., .) o/ Laig(g, cr). 

To prepare the proof we note that any isomorphism p : l/aig(0, cr) -f'aiglfl, 5") is of the form 

pc = Ac (8.1) 
pd = lid + + vc (8.2) 
pu = (pu + a{u)c (8.3) 

since it preserves the center and the derived algebra. Here A,/i G F \ {0}, u E ¥, a : 
Laigis, cr) ^ F is linear, G ^vaig(g, a), and ip is the induced isomorphism between the loop 



algebras. Conversely, given A, /i, z/, a, and ip as above, the linear mapping tp described by 
(8.1) - (8.3) is an isomorphism if and only if 

1 1 

Lp{u)' = [x^,(pu]o + -ip{u') (8.4) 

a{u') = {x^,ipu') (8.5) 

{{Lpuy,ipv) = X{u,v) + a{[u,v]o) (8.6) 

for all u,v E i^aig(0, cr)- 

By means of (8.4), (8.6) is equivalent to 

(v?(m'), 'f{v)) - \fi{u, v) = fia{[u, v]o) + {x^, Lp[u, v]o) . 

Furthermore {0x, 0y) = (x, y) for all x G L'^i^iQ, cr) and y G I/aig(05 cr) if and only if Xfi = 1, 
{ipu,ipv) = {u,v), and a{u) = —j^{x^p,ipu) for all u,v E Laig(g,o"). Moreover if preserves the 
bilinear form if and only if u = x^) in addition . 

Lemma 8.9. Let F = C, a : i^aig(0?o") ^ C be linear and /5 G C. If P{u',v) = a{[u,v]o) for 
all u, V G ivaig(0, cr) then a = and /3 = 0. 



Proof. Let a' = id. The equation yields for u := Ume^^^^^ and v := f„e™*/' with Um G Qm 
and Vn G 0„: Piu^^v^V^^ J e*('"+")*/' = a([u„, w„]e^(™+")*/') and in particular 



tin 

P{Um,V-m)o— = a{[Um,V-rn]) ■ 

If we replace m by m + / without changing Um and V-m and take the difference we get 
P{um, f_m)o = and thus j3 = which finally implies a = by 18.41 (iv). □ 

Proof of Theorem 18.81 We may assume F = C. The real case follows from this essentially 
by complexification. 

(i) It is enough to consider the cases ip = Tr and (p standard. Now can be extended to 
a fr as described in (8.1) - (8.3) with A = /i = 1, z/ = 0, = 0, and a = 0. Since 
Tr{uy = Triu') aud T,. prcscrvcs the natural bilinear form, the equations (8.4) - (8.6) 



are satisfied. Actually the extension is equal to e , where s := —i logr. It also 
preserves the natural bilinear form. 

If (f is standard with ipu(t) = ipt{u{et + to)) then we define by A := /i := e and 
a{u) := — e(x^, ipu) where is determined by ^[^t^ = — eadx,^. The conditions (8.4) 
- (8.6) are obviously satisfied (for any u). If in addition we choose u := — |(xy,,x^) 
then also preserves the natural bilinear form. 

(ii) Surjectivity follows from (i) and injectivity from Lemma [8.91 In fact, any (p from the 
kernel is of the form 

ipc = Ac 

ifu = u + a{u)c 

and therefore satisfies (1 — A)(m', v) = a{[u, v]q) for all u,v E -C/aig(05 cr) as follows from 

[ifU, (pv] = ip[u, v]. 

(iii) If E Autl/aig(g, <j) restricts to the identity on L'{q, a) then (pc = c, ipd = + Xy, + z/c 
and ipu = u and hence 

(1 - fi)u' = [x^,u]o , 
{x^,u') = 

for all u G lvaig(0, o"). This implies /i = 1 and = by Lemma lOl 

(iv) Since the above constructed extensions of automorphisms from Laig(g,cr) to I/aig(fl,cr) 
as well as the elements of the kernel of ip ^ p satisfy A = /i and {(px, py) = {x, y) for 
all X G L!^ig(fl,(T) and y G -£aig(0,o-) (equivalently A = /i G {±1}, {pu^pv) = {u,v), 
a{u) = —j^{x^, ipu) for all u,v G Laig(0,cr)) this is true for all G Autl/aig(g, cr). In 
particular the kernel of ^ lies in the center of AutLaig(0, cr) and G Autl/aig(0, cr) 
preserves the natural bilinear form if and only if u = —e{x^,x^) in ( 18.21) . Hence the 
product decomposition of Autl/aig(0, cr) follows readily. □ 

By the last part of the proof, a linear mapping : I/aig(s,cr) L^i^{Q,a) as given by (18. ip 
- (18.31) is an isomorphism if and only if p is an isomorphism between the loop algebras, 



X = fi =: e E {±1} and 

if{u') = -e[x^,(fu]o + e(f{u') (8.7) 
a{u) = —e{x^,Lpu) (8.8) 

for all u e -C/aig(0, cr)- 

The theorem implies that (p ip ip induces isomorphisms Aut(jl/aig(5, cr) AutL'^^^lQ, a) 
AutLaig(0, 0") and shows that automorphisms of finite order of I/aig(05O") are contained in 
Aut(_)I/aig(g, cr). Thus we have: 

Corollary 8.10. The mappings p and p ip induce bijections between the sets of 
elements of finite order m AutLaig(0; cr), AutL'^i^{g,a) and AutLaig(0, cr), respectively, as 
well as between their conjugacy classes. 

8.4 Automorphisms of finite order 

From now on we assume g to be compact if F = M. Thus g is either complex or compact 
(and simple). In this subsection we are going to attach to each automorphism of finite order 
an invariant like in the smooth case and to prove surjectivity of the map from the set of 
conjugacy classes to the set of invariants. Injectivity (the hard part) will be shown in the 
following subsection. 

Thus let ip G AutLaig (g, cr) be of finite order. If (p is of the first kind then it is standard 
by Corollary 18.71 and thus extends to a unique automorphism of L{g, cr) whose invariant 
we define to be the invariant of ip. If ip is of the second kind there exists a unique r > 
such that Trfrp^ is standard and we define the invariant of ip to be the invariant of (the 
extension of) Tr(pT~^. It follows from our previous results (Propositions [471 and ES]) that this 
invariant indeed is invariant under quasiconjugation with isomorphisms of the first kind (and 
arbitrary isomorphisms if (p is of the second kind or ip is an involution) . For the only problem 
is conjugation with (if ip is of the first kind). But the invariant of Tripr^^ = '^ip varies by 
construction smoothly with r and hence is constant as the set of invariants is discrete. 



If if E Autl/aig(5, cr) is of finite order we define the invariant of if to be that of the induced 

We have already observed in the smooth case that each element of ^^(g) can be realized 
on L{g, cr) for some a G Autg as the invariant of an automorphism ip of the form ipu{t) = 
(po{u{et + to)) where ipo G Autg is constant (Propositions 14.61 and 15.51) . Since this ip is 
algebraic the only problem is to show that a can be chosen to be of finite order. 

Lemma 8.11. Let G be a compact Lie group and g± E G with g\ = g'^_. Then there exists 
h E Gq such that hgZ^h~^g^ is of finite order. 

Proof. The compact abelian group {{gZ^g+)"' | n G Z} is isomorphic to the product of a torus 
T and a finite group F. In particular gZ^g+ = ■ f for some f E F and some X from the 
Lie algebra of T. Now, g"^ = g^_ is equivalent to 

9-{9--'g+)gZ' = {gz'g^)-' 

whence conjugation with g_ induces the inverse mapping on T. In particular g^e^^gZ^ = 
g-ix t. Let h := e'^^ . Then hgZ^h^^g^ = h'^gZ^g+ = f has finite order. □ 

Remark 8.12. If q is complex (i.e. F = C) and u is a compact real form of 0, recall that 

Autu0 X iu ^ Autg 

{<p, X) ^ e""^^ ■ if 

is a diffeomorphism where Autu0 = {if E Autg \ ipxi = \i\ and that moreover any compact 
subgroup of Autg is conjugate to a subgroup of Autug (cf. Appendix B). 

Lemma 8.13. Let F = C and ip± E Autg with ip\ = ip"^ and of finite order. Then there 
exists a E ((Autg)'^+)o and a compact real form of q that is invariant under ip+ and aip-a^^ . 

Proof. Since (p± are of finite order there are compact real forms u± invariant under (p^ and 
(/?_, respectively. Let u := u+. Then u_ = a~^u for some a E Autg as compact real forms 
are conjugate, and thus aip^a~^{u) = u. By the remark above, we may assume a = e'^'^^ for 
some X E iu. Since u is invariant under {p+ and gadx^ g-adx hence also under their 



squares ip '■= f+ and x •= e'^'^^ip^ ^'^^ ■ Now e '^'^^ ■ x = e ^^^^ ■ ip implies by Remark 18.121 
above = X and hence a G ((Autg)'^)o. □ 

Theorem 8.14. Any element ofZjio) (wherei G {1, 2} andq G N with q even ifi = 2) can be 
realized on La\g{g, <j) for some a of finite order as the invariant of a standard automorphism 
of the form (pu{t) = (po{u{et + to)) where (po G Autg is constant. In particular the mappings 

AutfLaig(0, cr) ^a?(0,fT) 

are surjective. 

Proof. (i) The last statement follows from the claim before as any element of ^^(g, a) can 
be realized as the invariant of an automorphism on some L^igig, a) which is isomorphic 
to i^aig(s, o")- But the corresponding automorphism on L^ig^Q, cr) has the same invariant. 

(ii) Let {p,g,[P]) G 3i(0) where g has finite order and /5 G (Autg)^. We realize this 
invariant as in the C°°-case by (pu(t) = ipo{uit + |27r)) on -^vaig(0,o") where (po and a 
are certain products of powers of g and p. Therefore it suffices to show that /? can be 
replaced in its equivalence class by an element of finite order, i.e. to show the existence 
of an a G ((Aut0)^)o with /? ■ a of finite order. If g is compact this can be achieved by 
Lemma [2. 161 directly. If g is complex we first remark that g leaves a compact real form 
u invariant and that hence (Autg)^ = (Autyg)^ ■ {e'^'^^ \ X G iu^} by I8.12[ Therefore 
Lemma [2. 161 with G := (Autfl)^ and H := (Autyg)^ yields the result. 

(iii) Let [v?+,V9-_] G Ztid)- An automorphism with this invariant is given by (pu{t) := 
(p+{u{—t)) on Laig(0, (pZ^p+) provided ^2^^+ has finite order. Since </?_) is equiv- 
alent to {{p+, hip_h~^) for any h G ((Aut0)'^+)o it is therefore enough to find such an 
h with hpZ^h^^ip^ of finite order. If q is compact we can apply ISTTl directly. If g is 
complex we may assume by 18.131 that p± leave a compact real form u invariant and 
can then apply ISTTTl to G := Autug and ip± G G. 

□ 



8.5 Injectivity of Aut^Laig(0, cr)/AutiLaig(0, a) ^^{q, a) 

To prove injectivity, we use Levstein's result that in case g complex, any automorphism of 
finite order of l/aig(0?cr) leaves a Cartan subalgebra invariant [Levj. This also holds if is 
compact by almost the same reasoning as was shown in |Rou2| . Theorem 3.8. From these 
results we get: 

Proposition 8.15. Any automorphism of L^\^{q^ a) of finite order is conjugate to a standard 
automorphism ip with ipu(t) = ipt{u{et + to)) (ind ipt = e^*"^ ■ ipo where X is contained in 
some Cartan subalgebra a of g'^ and ipo G Autg leaves a invariant. 

Proof. Let G Autl/aig(0, o") be the (unique) extension of finite order of the given auto- 
morphism which we may assume to be standard of the form ipu{t) = ipt{u{et + to)) by 18.71 
Due to Levstein and Rousseau, leaves a Cartan subalgebra invariant. Since Cartan sub- 
algebras are conjugate (see 4.4 of |Rou2| in case q compact) we may assume that ip leaves 
:= {m G -^vaig(0, cr) I u{t) G a constant} © Fc © invariant. Since (pd = ed + + vc is 
contained in this Cartan subalgebra, is constant and lies in a. Equation (18.71) therefore 
implies '^[^t^ = — eadx^ and hence (ft = e^'^*^ ■ (po for X = —ex^ G a and some (po G Autg. 
Moreover ipo{a) = a as if leaves I) invariant. □ 

In the next step we even get rid of the e^*^*"^ factor by a quasiconjugation (i.e. a change of 
a). 

Lemma 8.16. A curve ipt of automorphisms of q of the form e^'^*^ ■ ipo is algebraic if and 
only if e'^'^'"^ has finite order. This condition is satisfied if (pt+2n = ci'v^tcr"'^ holds for all 
t G M for some a, cr G Autg of finite order and some 2; G Z. 

Proof. (i) Recall that (ft is algebraic if y?* = Yl ^m^^"^^^^ for some A^, L G N and (pm £ 

lml<Ar 

End(0) in case g is complex, and (ft is algebraic if {ft)c is algebraic in case g is real. 
In particular we may assume g complex in what follows. 

(ii) If ipt = e^*^*^ ■ ipo is algebraic like in (i) then ipt+2TTL = V^t and thus (e'^'^^vrX^L _ 



(iii) Conversely, if e'^'^'^^^^ = id for some L G N then adX is semisimple and X is contained 
in some Cartan subalgebra. On each root space ga, e^*^*^ acts as e*"^^^-id and e^'^'^'^^^ = 
id imphes a{X) G j^Z. Thus e^'^^^ and hence ipt are algebraic. 

(iv) (ft+2n = CTLpta'" is equivalent to e^'^'^'^ = 5"(y9oC"~Vo ^ ^ind aX = X. Therefore e^'^^'^^ 
and 5" commute. Hence also a and (poa~^ipQ^ commute and e^'^^'^^ is of finite order if 
a and a are of finite order. 

□ 

Proposition 8.17. Any automorphism o/Laig(0, a) of finite order is quasiconjugate (by 
a standard automorphism) to an isomorphism of the form (pu{t) = (pQ{u{et + to)) where 
(fio £ Autg is constant. 

Proof. By 18.151 we may assume that the given automorphism (p of finite order is of the form 
(pu{t) = (pt{u{et + tQ)) with (ft = e^'^^-^ -ipo where X is contained in some Cartan subalgebra a 
of g'^ and ipo{a) = a. We are then looking for a 5- G Autg of finite order and an isomorphism 
ip : i^aig(0)O") Li^ig{g,cr) such that ip := ip(pip~^ is of the form ipu{t) = ipQ{u{et + to)) . With 
the ansatz ipu{t) = iptiuit)) this is equivalent to find a^ipt G Autg with 

(i) i)t(pti^~tXto is constant 

(ii) i)t+2T, = ^-iptcr'^ and 

(iii) t ipt is algebraic. 

Assuming ipt = e^'^^^ for some Y E a these equations are in turn equivalent to 

(i') Y - e^oY + X = 

(ii') a = e'^^'^'^^a 
(iii') e^'^'^'"^ has finite order. 

g-i . . ^ 

These can be solved by Y := -J2^''j'^o^ and cr := e^'^'^'^^a where q is the order of ip. 
In fact, since (ft is algebraic, e^'^'^'^'^ as well as e^'^'^'^'^o^ = ^JqC^'^^'^^v^q"' have finite order 



by I8.16[ Therefore also e and a are of finite order and (ii') and (iii') are satisfied. 
Finally, Y — e(poY = -J^^'^'Po-^ ~ ^'^fo-^ = (f'^ = id implies J2^''fo-^ — ^^'^ hence 

f^eV^o^ = and eVo^ = ^. □ 
i=i 

Lemma 8.18. Let g be complex (F = C) and (p G AutLaig(0, o") be an automorphism of 
finite order with ipu{t) = ipo^u^et + to)) for some (po G Autg, e G {±1}, and to £ IR- Then Q 
has a compact real form invariant under ipo and a. 

Proof. Since ip has finite order there exists g G N and p G Z such that v^q^^ = id. Therefore 
ipo has finite order since a has finite order by assumption. Now, (po = aipQcr'" implies that 
the group generated by ipo and a is finite. It therefore leaves a compact real form of g 
invariant (cf. Appendix B). □ 

The next lemma is well known and essentially says that the so-called a- and Hermann actions 
on a compact Lie group are hyperpolar ( |HPTT| ). 

Lemma 8.19. Let G be a compact connected Lie group with Lie algebra g and a, g^, G 
Autg with g^. = id. Then there exist for any g E G. 

(i) h E G and X G 0°" such that 

hga{hY^ = 

(ii) /c+ G (G^+)o and X E Q such that g^X = g^X = —X and 

k+gg-{k+gY^ = . 

Proof. We endow G with a biinvariant metric which is also invariant under automorphism 
by using a multiple of the Killing form. If a compact group H acts isometrically on G then 
the image of the normal space to the orbit H{e) at e under the exponential mapping meets 
all other orbits. In fact, a shortest connection from an arbitrary g E G to H{e) is a geodesic 
that meets H{e) orthogonally and thus can be moved by the group action to a geodesic that 
hits H{e) orthogonally at e and starts on H{g). 
We now consider the following two isometric actions on G: 



(i') The (T-action of G on itself by 

h.g := hga{h)~^ 

and 

(ii') The action of K+ x K_, where K± := (G'^^±)o, by 

{k+,k_).g := k+gkZ^ . 

The tangent spaces to their orbits at e are {X — aX | X G 0} and + and hence their 
normal spaces are and {X G Q \ q±X = —X}, respectively. Thus (i) follows immediately 
and in case (ii) we find for any g E G elements k± G K± and Y G {X G g | q±X = —X} 
with k+gkZ^ = e^. The last equation implies (k+g) ■ Q-{k^g)^^ = e^^. □ 

Proposition 8.20. Tvjo automorphisms (p G AutLaig(g, cr) and Lp G AutLaig(g, a) of order 
q with the same invariants are quasiconjugate by an isomorphism of the first kind. 

Proof. Since invariants do not change under quasiconjugation we may assume by l8.17l v? and 
(f to be of the form ipu(t) = fou{et + to) resp. (pu(t) = (pou{et + to) where v^c'^o ^ Autg, 
e G {±1} and to = p/q'^'^ with p E {0, 1, ... , g— 1} and p = if e = —1. We may furthermore 
conjugate ipo and a simultanously by an arbitrary ipQ G Autg because this corresponds to 
a quasiconjugation oi ip hy ip : i^aig(0)Cr) Lgx^i^Q^ipQaipQ^) with ipuit) = ipQ{u{t)), and 
the same remark applies to (po and a. In particular, in case F = C, we may assume by 
Lemma [8.181 that (po,ipo,(J and a leave a compact real form of g invariant and that thus (p 
and ip are complexifications of real automorphisms. Since these have also equal invariants 
(cf. the proof of 17.51 (i)) it is enough to consider the case g compact as we shall do in the 
following. 

We study the two cases e = ±1 separately. 

If e = 1 the invariant of (f is {p,a(pla^'a^^, [ay^Q V^a^^]) where a G Autg and p',q'J,m 
are the integers with p'/q' = p/q, Ip' + mq' = 1 and < / < g' (cf. 14.31) . By eventually 
conjugating ipQ and a simultanously by a we may assume a = id. Applying the same to (p, 



equality of the invariants yields (p, Lp^ a^' , [ipQ 'cr™]) = {p, (fl a^' , [(fQ 'cr™]) which means p = p, 
q' = g', p' = p' , I = I, m = m, 

~q'~p' q' p' 

and 

~ — l~m „ x „ — — 1 

where 7 G ((Aut0)^)o and 5 G (Autg)^. By eventually conjugating ip^ and a further by 5 
we may assume 5 = id. Let (3 := yjo'cr™, /3 := (pQ^a^^ and G := (Autg)^. Since y^o and o" 
as well as (pQ and a commute (due to e = 1), (po,ipo,a,a, P, P are contained in G. Moreover 
7 = PP^^ G Go- We now try to find an isomorphism ip : L^ig^g, a) — > La\g{Q, a) of the form 
ipu{t) = 4'tu(t) with ipipip'^ = (p, that is an algebraic curve ipt in Autg with ipt+2n = o'tptO'~^ 
and tpt^o^rlpr, = <^o- Since 4 = -|- J77, these two equations imply 

I-f- ^ ZTT g q 

^t+^ = P^tP-' (8.9) 

and in fact are equivalent to (|8.9p if we choose ipt £ G. We therefore make the ansatz 
ipt ■= ipoe""^^^ with X e and ipo Then ( lO) is equivalent to 

e^'^f ^ = ^-17/3^0/3"^ and PX = X . 

This equation has a solution (ipojX) by Lemma [8. 191 (i). and by 18. 161 ■t/^^ is algebraic. 
If e = — 1 the invariants of and (p are [yjo, V'oo"^^] and [(^o, <^oO"~^], respectively. Note that 
quasiconjugation oi (p hy ip : i^aig(05 cr) — ^ -^aig(05 cr~^) with i/ju{t) := u{—t + n) reverses the 
order of ipo and 'Pocr'^ as ipipip~^u{t) = (poa~^ {u{—t)) . Thus we may assume that equality 
of the invariants implies ipo = a(poa~^ and ipoa~^ = Pip^a^^P^^ for some a,/? G Autg 
with a~^P G ((Aut0)'^o)o. Furthermore we may assume a = id by quasiconjugating ip by 
La.ig{d,o') Lg_ig{Q,aaa^^), u(t) a{u(t))^ which maps (v^o,^") to {aipoa~^,aaa~^). Let 
G := (Autg)'^o. Since ip and (p are of the second kind, ipo = cripocr, i.e. (ipocr^^)^ = ipl and 
similarly {(pQa'^Y = (p^ = tpl. Thus ipQ,ipQa~^ ,(pQ, and (p^o-^^ G G. Moreover (pQcr~^ = 
Pipoa~^P~^ for some P E Gq and thus a = Paip^^ P'^ipo. 



Let := v^o and Lp- := ifoa ^. Conjugation with ip± defines automorphisms ()± : G G 
with q\ = id. Hence there exist by Lemma 18.191 (ii) ipQ G (5^+ = G"^" and X G g with 
if^X = -X such that c'^'^^ttX ^ that is with 

Let V"* := i^oe^'^^^. Then V't+27r = and V'iV^oV'It = V^o = <^o- Therefore ip : Laig(fl, cr) ^ 

-^aig(g, cr) with ipu{t)) = iptuit) is an isomorphism of the first kind that conjugates ip into ip. 

□ 

Combining the results of Theorem 18.141 Proposition 18.201 and Corollary 18.101 we obtain: 
Theorem 8.21. The mappings 

Aut^Laig(0, a)/AutiLaig(fl, cr) cr) 

and 

Aut^Lajg(0, a)/AutiLaig(0, a) ^Kd, ^) 

induced by associating to each automorphism its invariant, are bijections. Moreover in case 
i = 2 or q = 2, Autil/aig(0, o") and AutiL(0,cr) can be replaced by AutLaig (g, cr), resp., 
AutLaig(0,a). □ 

The theorem together with Corollaries 14. 121 and 15.91 imply that the classification of automor- 
phisms of finite order is the same in the smooth and the algebraic category. This applies in 
particular to involutions which are hence classified by Tables 2 and 3 also in the algebraic 
case. 

8.6 Real forms and Cartan decompositions 

The discussion of conjugate linear automorphisms and real forms in Chapter 7 carries over 
to the algebraic setting almost word by word. 

In particular compact real forms of Lg^g{Q,a) and Laig(0,cr), where g is complex, are de- 
fined and unique up to conjugation. The conjugacy classes of real forms of type i G {1,2} 



2 ^ 

are e.g. on Laig(0, cr) in bijection with AutjLaig(0, a) /AutLaig(0, cr) and if u is a cr-invariant 
compact real form of g, complex conjugate extensions of automorphisms of Laig(u, cr) induce 
bijections Aut}Laig(u, (7)UAut^Laig(u, a)/ AutLaig(u, a) — > Aut^Laig(0, cr)/ AutLaig(0, c) and 
Aut2i/aig(u, a)/Auti/aig(u, (j) Auta-f/aig (s, 0") / Auti/aig(0, c), respectively. Moreover surjec- 
tivity of these mappings yields the existence of Cartan decompositions of real forms while 
injectivity yields their uniqueness up to conjugation. 



Appendix 



A 7ro((Autg)^) and representatives of its conjugacy classes 

Let be a compact (real) simple Lie algebra and g G Autg an involution. The group 
7ro((Autg)^) of connected components of (Autg)^ has been determined by Cartan [Car] and 
Takeuchi |Tak| (cf. also |Mur| . |MatH| ). A simplified, but still quite involved computation 
of these groups is contained in |Loo| where one can also find a table of them. 
Our purpose here is to describe representatives of their conjugacy classes and thereby verify- 
ing Table 1 of Section 6. But actually we will determine also the groups themselves since it 
turns out that this does not need much extra work. Moreover some of the extra work (Lem- 
mas [A]2] and [A]8l) is needed also for other purposes, namely the classification of involutions 
of the second kind. 

In the following we fix g and g and let g = 1^ + p be the splitting of g into the ±1 eigenspaces 
of g. We let r^, J and /i as in Section 6. 

If g is classical we only use the following well known facts (Lemmas lA. II - [ATil ) to determine 
7ro((Autg)^) and representatives of its conjugacy classes. 

Lemma A.l. 7ro((Intg)^) is a normal subgroup o/7ro((Autg)^). The quotient F is isomorphic 
to a subgroup o/Autg/Intg. 

Proof. The first statement is clear since (Intg)^ is normal in (Autg)^. The second statement 
follows from 7ro((Autg)'?)/7ro((Intg)^) being isomorphic to (Autg)^/ (Intg)^ which is embedded 
naturally in Autg/Intg. □ 

In particular 7ro((Autg)^)/7ro((Intg)^) is 1 or Z2 unless g = so(8) (in which case it is a 
subgroup of 5*3). 

Lemma A. 2. Let Intfi = {e'''^^ : t ^ t\ X e i}. Then the mapping 

7ro((Autg)^) Autt/Inte 



induced by restriction is infective if g is inner and has kernel {1, f?} if Q is outer. Here we 
denote the image of Q E (Autg)^ in 7ro((Aut0)^) also by g. 

Remark A. 3. Note that t is not necessary semisimple. This happens precisely if the cor- 
responding symmetric space is Hermitian, in which case 6 = M + fi* with t* semisimple and 
Antt/lntt = AutM x Aut]&*/Int6*. Since 7ro((Aut0)^) is finite its image lies in that case in 
{±id} X Autr/Intr. 



Proof of Lemma [A .21 An element from the kernel can be represented by a G (Autg)^ with 
G Intt and thus even with ip\^ = id since (Intt) ^ ((Autg)^)o naturally. The action of 
this ip on p commutes with the restriction of the action of i^' := [e^'^^ : g ^ | X G ^} on p 
which is irreducible and either (i) a real or (ii) a complex representation. The latter occurs 
precisely in the Hermitian case. Therefore either (i) ip\^ = ±id (hence (f = id or (f = g and 
the claim follows) or (ii) ip lies in the circle {e'^'^*"'" | t G M} (and thus ip represents a trivial 
element) where Jo spans the center of t. □ 
Lemma [A. 21 already implies 7ro((Autg)'?) = {1, f?} if is outer unless the corresponding 
symmetric pair is {so{2n),so{n) + so{n)) with n odd or (su(2n), so(2n)). For in all other 
cases Autt/Intt is trivial. 

Lemma A. 4. The triality automorphism of so (8) commutes with Adr4. 

/ 1 / \ 



Proof Let Xi 



1 

-1 



v 



, . . . , 



oj 



V 



1 

-1 



be a basis of the stan- 



o/ 



dard torus of so(8) and li, . . . ,1^ the dual linear forms. Then ±/j ±lj {1 < i < j < 4) are 
the roots and ai := h — I2, 0:2 '■= h — h, «3 := ^3 — h, Oi4. '■= h + ^4 is a basis of the root 
system with diagram 

o 

The triality automorphism corresponds to the diagram automorphism which cyclically 
permutes ai, a^, and fixes a2- It therefore fixes (Xi — X2) + (X3 — X4) + (X3 + X4) + 



2(X2 -Xg) = Xi +X2 and hence commutes with e'"^^^^^+^^^ for all t e R. But e^^'^(^i+^2) = 
Adr4. □ 

It is now completely elementary to determine 7ro((Autg)^) and representatives of its conju- 
gacy classes for classical g. We do this case by case, using Cartan's classification (cf. [HelJ). 



A I g = su{n) (n > 3), g = fi, t = so{n) 

Q is outer since n > 2. If n is odd then 7ro((Aut0)^) = {1, g} by Lemma [A.2[ 
If n is even then (Intg)^ = {AdX | X G U{n), X = XX for some A G C with |A| = 
1} = {AdX I X = ar G U{n), Y = Y, a e C} = {AdX | X G 0{n)}. It has two 
connected components as the restriction of Adri G (Intg)^ to t is not inner. Thus id, Adri 
(resp. id, Adri, g, gAdri) are representatives of the conjugacy classes of 7ro((Int0)'^) = Z2 
(resp. 7ro(Aut0)^? = Z2 x Z2). 



A II g = su(2n) > 2), g = fiAdJ, t = sp{n) 

Since t has no outer automorphisms 7ro((Autg)^) = {1, g} by Lemma [A.2[ 



A III g = su{n) {n > 2), g = Adr^, t = s{u{p) + u(g)) {p + q = n) 
g is inner and commutes with /x which is outer if n > 3. Now, (Intg)^ = {AdX | X 

A B 
C D 

Necessarily A = 1 or —1 and (Intg)^ has one connected component if p 7^ g (X = 
would be singular) and two if p = g with non trivial representative Ad J. Hence 







A 








I) 


\ -C D ) 




C 





G U (n) with A of size p x p and I = ( for some A G C} 



7ro((Autg)^) = 
Note that AdJ = if n = 2. 



{l,fi} = Z2 ifp^gorn = 2, 

{1, AdJ, fi, jjAdJ} = Z2 X Z2 otherwise. 



o B 
c o 



B I Q = so{2n + 1) {n > 2), g = Adr^, t = so{p) + so(g) {p + q = 2n + 1) 



Q is inner and from Lemma[A]2]and Remark lA.3l (if p = 2 or g = 2) we have |'7ro((Autg)^)| < 2. 
Since AdriTp+i induces an outer automorphism on t, 7ro((Autg)^) = {id, AdriTp+i} = Z2. 



CI Q = sp(n) {n > 3), Q = Kd{iE), I = u{n) (where sp{n) and Sp{n) below are viewed 
as sets of quaternionic matrices) 

Let Ao = iE. Then (Autg)^ = (Intg)^ = {AdX \ X G Sp{n),AoXAo^ = ±X} = {AdX \ 
X e U{n) or X G jU{n)}. Thus 7ro((Aut0)^) = {id, Adj^} = Z2. 



C II g = sp{n) {n > 3), q = Adxp, t = sp{p) x sp{q) {p + q = n) 

Q is inner and Autfi/Intfi = 1 if p 7^ g and = Z2 if p = g. In the latter case AdJ G (Autg)^ 
restricts to an outer automorphism on 6. Hence 7ro((Aut0)^) = 1 if p 7^ q and 7ro((Autg)^) = 
{id, AdJ} ^ Z2 if p = g. 



D I g = so(2n) (ra > 3), g = Adrp, I = so{p) + so{q) {p + q = 2n) 

For simplicity we only consider the case p = q = n with n even. The other cases are similar 

A 



but easier. Then (Autg)^^ D {AdX | X G 0(2n), r„Xr„ = ±X} = {AdX | X 



A 



or I with A,Bg 0{n)} and equality holds if n 7^ 4. Moreover (Intg)^ consists 



precisely of those elements with det A = det-B. Hence (Intg)^ has 4 connected components 
represented e.g. by AdXj with Xi = ( ^ ^ j , X2 = ( j , X3 = ( ^ ^ j , and 



-n 



X4 = ' , and 7ro((Intg)^^) ^ Z2 x Z; 



2- 



Let n > 4. Then (Autg)^ has 8 connected components, represented by AdXj with Xi, . . . , X4 
as above, X5 = ^ ^ ^ , Xg = ^ ^ ^ , X7 = ^ ^ ) ' -^8 = ^ ) ' ^'^^'"'^ 

form a group isomorphic to D4. Moreover the AdXj with i G {1, 2, 3, 5, 7} are representatives 
of the conjugacy classes of this group and hence of 7ro((Autg)^). 

Now let n = 4. Since g is inner 7ro((Autg)^) is isomorphic to a subgroup of Autfi/Int6 
by Lemma IA.21 which in turn is isomorphic to the group of symmetries of the Dynkin 
diagram of so(4) +so(4) and thus to S4 (the symmetric group). Moreover {} G (Autg)^ by 



Lemma [A31 and hence 7ro((Aut0)^?) = ^4- For |7ro((Int0)^) | = 4 while (Autg)7(Int0)^ is 
isomorphic to a subgroup of Autg/Intg = 5*3 by Lemma [A.ll and contains elements of order 
two and three and is thus isomorphic to S3. The conjugacy classes of S4 consist of the sets 
of cycles of order 1 to 4 and Z := {(1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)} of cardinality 1,6,8,6, 
and 3, respectively. Therefore 7ro((Int0)^), which is a normal subgroup of 7ro((Autg)^) with 
four elements, corresponds to {(1)} U Z and any two non trivial elements of 7ro((Intg)^) are 
conjugate in 7ro((Autg)'?). Thus ^ and the AdXi above with i G {1,3,5,7} represent the 
conjugacy classes of 7ro((Autg)^). 

Dili g = so(2n), ^ = AdJ, t = u{n) 

In this case (Autg)^ D {AdX | X G 0{2n), JXJ~^ = ±X} = {AdX \ X G U{n)} U {AdX | 
X G TnU{n)} with equality if n 7^ 4. But equality also holds if n = 4 as |7ro((Autg)^)| < 2 by 
Lemma [A.2[ Thus (Autg)^ has two connected components represented e.g. by id and Adr„ 
and Adr„ is inner precisely if n is even. 

We now study the exceptional case. Our main tool here is the following result (cf. |Helj . 
chapter VII, 7.2). 

Theorem A. 5. The fixed point set of an involution g on a compact, connected and simply 
connected Lie group G is connected. □ 

Corollary A. 6. Let G be the universal cover o/Intg. Then 7ro((Intg)^) is isomorphic to a 
quotient of a subgroup of the center of G. 

Proof. Let p : G ^ Intg be the universal covering and G := p~^((Intg)^) = {g E G \ 
0(9)9^^ £ Z{G)} where Z{G) is the center of G. The mapping G Z{G),g t-^ Q{g)g~^, is 
a homomorphism and induces an exact sequence 

l^G' ^G^ Z{G) . 

Since G^ is connected by lA.51 vro(G') = G/G^ \s isomorphic to a subgroup of Z{G). Moreover 
7ro((Intg)^) is isomorphic to a quotient of this subgroup as G ^ (Intg)^ is surjective. □ 



From this and Cartan's computations of the centers (cf. |Hel| . Table IV) we immediately 
get 7ro((Ints)^) ^ 1 or Z3 if g = eg, 7ro((Aut0)^) = 7ro((Int0)^) = 1 or Z2 if g = er and 
7ro((Autg)^) = 7ro((Intg)^) = 1 if g = es, f4 or g2. By the next lemma the Z3 in case of g = Ce 
is excluded. 

Lemma A. 7. 7ro((Intg)^^) = (Z2)' for some I > 0. 

Proof. Let K := {e^^^ : g ^ g \ X e t}. Then K = ((Intg)^?)o, Intg = K ■ {e^^^^ \ X e p} 
(as the exponential mapping oflntg/K is surjective), and thus (Intg)^ = K-{e^'^'^ \ X G p}^. 
If X G p then e*"^-^ E (Intg)^ if and only if e'""^^ = , i.e. (e""^-^)^ = id. Hence each non 
trivial element of 7ro((Intg)^) is of order 2. □ 

Lemma A. 8. The conjugacy classes of involutions on g = eg can be represented by com- 
muting elements. 

Proof. Up to conjugacy there are four involutions on Cq, two inner and two outer. If p 

is an outer involution and to a maximal abelian subalgebra of (ee)^ then the second outer 

involution may be chosen to be of the form p ■ Ade'^ with X G to (cf. |Loo| . Theorem 3.3, 

Chapter VII, [WolJ Theorem 8.6.9) and hence to commute with p. Therefore it suffices to 

prove the existence of two non-conjugate involutions of the form Ade"^ with X G to. 

We choose p to be the diagram automorphism of eg, after fixing a maximal torus t of eg 

and a basis, say ai, . . . , ae of the root system. In general, if ^mjaj is the maximal root 

and Xi, . . . ,Xn are the elements in t with ai{Xj) = then Ade^ with X = Xi and 

rrii = 2 ov X = \{Xi + Xj) and rrii = rrij = l,i j , are involutions. Moreover, involutions 

corresponding to the first case {rrii = 2) are not conjugate to those of the second (mj = ruj = 

1) as their fixed point algebras are semisimple and not semisimple, respectively (cf. |Loo| . 

p. 121 - 123). Hence the desired result follows from the diagram 

2 



12 3 



2 1 



o o o o o 

Ctl OL2 as «4 "5 



of eg, in which the superscripts denote the numbers mj. Note that Xg and Xi + X5 are 
contained in t^. □ 



From Lemmas \AJ\ and \AM we get 7ro((Aute6)^0 - {1^ ^'i} - ^2 for all i G {1, . . . ,4} where 
^1 is an outer automorphism and Qi, ■ ■ ■ , Q4 are commuting representatives of the conjugacy 
classes of involutions on eg. 

The most intricate case is g = Cy which we consider now. Up to conjugacy q has three 
involutions Qi, Q2, Qs with fixed point algebras (i) su(8), (ii) so(12) + su(2) and (iii) Cq + M, 
respectively. Since ey has no outer automorphisms 7ro((Aut0)'?) = 7ro((Int0)^). 

Lemma A. 9. In case (ii), 7ro((Aut0)^) = 1. 

Proof. Let E (Autg)^ \ ((Aut0)^)o. Thus ip restricted to t = so(12) + su(2) is outer by 
Lemma rA.2l and after multiplying it by an appropriate element from ((Autg)^)o = {e'^*^^ | 
X E t} we may assume that ip is the standard involution on t = so (12) + su(2) with 
i"^ = so(ll) +5u(2) and dim 6"^ = 58. Then cp is also an involution on g. For ip"^ = id on 6 
implies that ip"^^ commutes with the 6-action on p, which is irreducible. Therefore ip"^^ = id 
(as claimed) or (p'^{X) 7^ X for all X G p \ {0}. But in the latter case l^"^ = g"^ which is in 
contradiction to rank 6*^ < rank t. Let p± be the ±1 eigenspaces of on p. Then the fixed 
point algebras 6'^ + p-i- of ip and gip are symmetric and thus of dimension 63, 69 or 79. Hence 
dimp-t G {5,11,21} in contradiction to dimp+ + dimp_ = dimp = 64. □ 

The other two cases of ey are handled by the next two results. 

Lemma A. 10. Let g be an inner involution on g and X G p \ {0} vjith (adX)'^ = — Tr^adX. 
Then e^'^'^ represents a non trivial element o/7ro((Autg)^). 

Proof. The eigenvalues of adX are and ± in. Therefore ip := e^'^-^ has eigenvalues ±1 and 
ker(adX) is the eigenspace of 1. Thus ip is an involution and hence commutes with g. Since 
[X, 6*^] = but X ^ 6*^, rank 6"^ < rank g = rank i and the restriction of (/? to € is not inner. 
Thus ip represents by Lemma [A. 21 a non trivial element of 7ro((Autg)'?). □ 

The X G p with (adX)^ = — Tr^adX are strongly related to extrinsic symmetric spaces in 
the sense of Ferus ( |Fer| . cf. also [EHJ) and it is known that their existence can be read off 
from the highest root of the symmetric space. More precisely, let S be the restricted root 



system of (g, t) with respect to a maximal abelian subspace a of p, C C a a Weyl chamber, 
and the corresponding basis of E. Up to conjugation we may assume X G On 

each root space ga = {Y G 0c I [H, Y] = T[ia{H)Y W H E a}, adX has eigenvalues nia^X). 
Hence (adX)^ = — vr^adX is equivalent to a{X) G {0,±1}. Let Xi,...,Xr G a be dual 
to «!, . . . ,ar and X = ^XjXj. Then Xi > (because X G €) and (adX)^ = — vr^adX is 
equivalent to Xj G {0, 1} (because ai(X) G {0, ±1}) and ^mjXj G {0, 1} where 6 = '^rriiai 
is the maximal root. Hence we have the following result. 

Lemma A. 11. A non trivial X G p with (adX)^ = — Tr^adX exists if and only if at least 
one of the coefficients mi of the highest root 6 of is equal to one. □ 

Now in cases (i) and (iii) of g = Cy, S is of type and C3, respectively, and in both cases 
the highest roots have a coefficient = 1 (see e.g. [HelJ, ch. X). Hence 7ro((Aut0)'^) = 
7ro((Int0)^^) = Z2 by Lemmas [AT] and [Am Moreover any e^"^^ with X G p, X ^ and 
(adX)^ = — vr^ adX represents the non trivial element. 



B Conjugate linear automorphisms of q 

We recall and outline here some results about finite dimensional complex simple Lie algebras, 
in particular the relation between their complex linear and conjugate linear automorphisms. 
Thus let be a complex simple Lie algebra, u a compact real form of q and u the conjugation 
with respect to u. Let be the realification of q. Then u is a maximal compact subalgebra 
of g'^ and u + iu is a Cartan decomposition of g'*. Moreover Autg'^ = Autg U Autg, where 
Autg := cjAutg denotes the set of conjugate linear automorphisms of g (since (fl'*)c is the sum 
of two simple ideals g± which are either left invariant or interchanged by (pc, V (/? G Autg'^). 
Let Autug'^ := {(p E Autg'^ | (pu = u}. Then, by classical results of Cartan (cf. e.g. |GOV| 
Ch. 4, 3.2 and 3.3), the following holds 

(A) The mapping Autug'^ x m — Autg'*, {<p>,X) t-^ (pe^^ , is a diffeomorphism. 

(B) Each compact subgroup of Autg'* is conjugate to a subgroup of Autug'* (and the 
conjugation can be achieved by an element from Intg by (A)). 

In fact, (A) follows from the Hadamard-Cartan Theorem applied to the symmetric space of 
nonpositive curvature Autg'^/Autyg* while (B) follows from the Cartan fixed point Theorem. 
As a consequence of (A) we have 

(C) If (p,(p E Autug'* are conjugate (resp. conjugate by an inner automorphism) in Autg"* 
then they are already conjugate (by an inner automorphism) in Autyg'*. 

Indeed, if = a(pa~^ for some a = aoe^'^^ with ^ Autug"* and X E iu then aQ^(p}aoe^^^ = 
^gad<p-ix ^Yius = by (A). 

We denote the sets of automorphisms of order q by Auf. The mapping Aut^u Auf^g that 
maps (p to its complex linear extension ipc induces mappings 

Auf^u/Autu Aut^'g/Autg and 
Auf^u/Intu Auf^g/Intg 

between the conjugacy classes. It follows from (B) that these mappings are surjective and 
from (C) that they are injective. 



If instead of (pc the conjugate linear extension Lpc^ of e Autu is used one gets mappings 



which are by the same reasoning injective. By (B) they are also surjective if q is even and 
induce a surjective and hence bijective mapping 



if q is odd. Note that the order of e Autu is equal to the order of </?c<^ or to half of it 
depending on whether the latter is divisible by 4 or not. 

Summarizing, we have. 

Theorem B.l. The following mappings which are induced by complex linear, resp. conjugate 
linear extensions are bijective: 

(i) Aut%/Autu(u) Aut^0/Aut0(0) , g e N 

(a) Aut%/Autu(u) ^ Aut%/Aut0(0), q even 

(Hi) (Aut^uU Aut^%)/Autu(u) ^ Aut^(0)/Aut0(5), q odd. 

Autu and Autg in the denominators may be replaced by Intu and Intg, respectively. □ 

In particular, q — 2 gives the well known bijections 

Aut^g/Autg ^ Aut^u/Autu ^ {non compact real forms of gj/Autg . 

Note that Aut^u = {id} corresponds to the compact real forms. If ^ e Aut^u is an involution 
then the corresponding real form is the fixed point set of qcoj and thus B + ip, where t and 
p are the ±1 eigenspaces of q. 

Proposition B.2. Let g e Autu. Complex linear resp. conjugate linear extensions induce 
bijections between the conjugacy classes of the following (subsets of) groups 




q even 



q odd 



(Auf'uU Aut^''u)/Autu(Intu) ^ Aut ''0/Aut0(Intu) 



(i) 7ro((Autu)f), 7ro((Aut5)^'c), and 7ro((Aut5)«'^) 

(I'l) 7ro((Autu)^), 7ro((Aut5)^c), and 7ro((Aut0)^ca.). 

Proo/. (A) implies (Aut0^)« = (Autufl^)^^ • {e^^ \ X e it} and (Autfl^)^^'^ = (Autu0^)^c • 
jgadx I ^ 'pj^^^g ^]^g proposition follows from the isomorphism {id,u!} x (Autu)^ —>■ 
(Autu5«)^c) , (a;,/3)^ao/?c . □ 

Here 7ro((Aut0)^'^), for example, is considered as a subset of 7ro((Aut5'^)^'^), the set of con- 
nected components of (Autg'*)^'^. 



References 

[And] Andruskiewitsch N., Some forms of Kac-Moody algebras, J. Algebra 147 (1992), 324 
- 344 

[Bat] Batra, P., Invariants of real forms of affine Kac-Moody Lie algebras, J. Algebra 223 
(2000), 208 - 236 

[Ban] Bausch, J., Etude et classification des automorphismes d'ordre fini et de premiere 
espece des algebres de Kac-Moody affines. Revue de I'lnstitut Elie Cartan Nancy 11 
(1988), 5 - 124 

[B3R] Back-Valente, V., Bardy-Panse N., Ben Messaoud, H., Rousseau, G., Formes presque 
deploy ees des algebres de Kac-Moody: Classification et racines relatives, J. Algebra 
171 (1995), 43 - 96 

[BMR] Ben Messaoud, H., Rousseau, G., Classification des formes reelles presque compactes 
des algebres de Kac-Moody affines, Journal of Algebra 267 (2003), 443 - 513 

[BMR'] Ben Messaoud, H., Rousseau, G., Erratum d "Classification des formes reelles 
presque compactes des algebres de Kac-Moody affines". Journal of Algebra 279 

(2004), 850 - 851 



[BP] Berman, S., Pianzola, A., Generators and relations for real forms of some Kac- 
Moody Lie algebras, Communcations in Algebra, 15 (1987), 935 - 959 

[BR] Bausch, J., Rousseau, G., Involutions de premiere espece des algebres affines, Revue 
de rinstitut Elie Cartan Nancy 11 (1988,) 125 - 139 

[Car] Cartan, E., Sur certains formes riemanniennes remarquables des geometric d groupe 
fondamental simple, Ann. Ec. Normale Sup. 44 (1927), 345 - 467 

[Corl] Cornwell, J.F., General theory of the matrix formulation of the automorphisms of 
affine Kac-Moody algebras, J. Phys. A: Math. Gen. 25 (1992), 2311 - 2333 

[Cor2] Cornwell, J.F., Involutive automorphisms of the affine Kac-Moody algebra A^i \ J. 
Phys. A: Math. Gen. 25 (1992), 2335 - 2358 

[Cor3] Cornwell, J.F., The conjugacy classes of the involutive automorphisms of affine Kac- 
Moody algebra A'i\ J. Phys. A: Math. Gen. 25 (1992), 3955 - 3975 

[EH] Eschenburg, J.-H., Heintze, E., Extrinsic symmetric spaces and orbits of s- 
representations, manuscripta math. 88 (1995), 517 - 524 

[Per] Ferus, D., Symmetric submanifolds of euclidean space, Math. Ann. 247 (1980), 81 - 
93 

[GOV] Gorbatsevich, V.V., Onishchik, A.L., Vinberg, E.B., Structure of Lie groups and Lie 
algebras. Encyclopaedia of Mathematica Sciences 41: Lie Groups and Lie Algebras 
III, Springer (1994) 

[Gro] Grofi, C, s- Representations for involutions on affine Kac-Moody algebras are polar, 
manuscripta math. 103, Nr. 3 (2000), 339 - 350 

[Heil] Heintze, E., Toward symmetric spaces of affine Kac-Moody type. Intern. J. Geom. 
Methods in Modern Physics 3 (2006), 881 - 888 



[Hei2] Heintze, E., Real forms and finite order automorphisms of affine Kac-Moody algebras 
- an outline of a new approach, to appear in RIMS Kokyuroku (2007) 

[Hel] Helgason, S., Differential geometry, Lie groups and symmetric spaces, Graduate 
Studies in Mathematics Volume 34, Ann. Math Soc. (2001) 

[HPTT] Heintze, E., Palais, R., Terng, C.-L., Thorbergsson, G., Hyperpolar actions on 
symmetric spaces, Geometry, Topology, and Physics for Raoul Bott, S.-T. Yau (ed.), 
International Press, Cambridge (1994), 214 - 245 

[JZ] Jin Q., Zhang, Z. On Automorphisms of Affine Kac-Moody Algebras, Communica- 
tions in Algebra, (2001), 29(7), 2827 - 2858 

[Kob] Kobayashi, Z., Automorphisms of finite order of the affine Lie Algebra A^^\ Tsukuba 
J. Math., 10 No. 2 (1986), 269 - 283 

[Kol] Kollross, A., A classifi,cation of hyperpolar and cohomogeneity one actions, Trans. 
Am. Math. Soc. 354 (2002), 571 - 612 

[KW] Kac, V.G, Wang, S.P., On Automorphisms of Kac-Moody Algebras and Groups, 
Advances in Mathematics, (1992), 129 - 195 

[Lan] Lang, S., Algebra, Addison- Wesley, revised printing (1971) 

[Lev] Levstein, F., A classifi,cation of involutive automorphisms of an affine Kac-Moody 
Lie algebra, J. Algebra 114 (1988), 489 - 518 

[Loo] Loos, O., Symmetric Spaces 11, Benjamin 1969 

[MatH] Matsumoto, H., Quelques remarques sur les groupes de Lie algebrique reels, J. Math. 
Soc. Japan 16 (1964), 419 - 446 

[MatT] Matsuki, T., Double coset decompositions of reductive Lie groups arising from two 
involutions, J. Algebra 197 (1997), 46 - 91 



[Mur] Murakami, S., On the automorphisms of a real semisimple Lie algebra, J. Math. Soc. 
Japan 3 (1952), 103 - 133 

[PK] Peterson, D.H., Kac. V., Infinite flag varieties and conjugacy theorems, Proc. Nat. 
Acad. Sci. U.S.A. 80 (1983), 1778 - 1782 

[Roul] Rousseau, G., Formes reelles presque deployees des algebres de Kac-Moody affines, 
in: Harmonic Analysis, Luxembourg (1987), Lecture Notes in math., 1359, Springer 

(1988), 252 - 264 

[Rou2] Rousseau, G., Formes reelles presque compactes des algebres de Kac-Moody affines, 
Revue de I'lnstitut Elie Cartan Nancy 11 (1988), 175 - 205 

[Rou3] Rousseau, G., Almost split K -forms of Kac-Moody algebras, in: V.G. Kac (Ed.), 
Infinite Dimensional Lie Algebras and Groups, Marseille (1988), Adv. Ser. in Math. 
Phys. 7, World Scientific (1989), 70 - 85 

[Tak] Takeuchi, M., On the fundamental group and the group of isometrics of a symmetric 
space, J. Fac. Sci. Univ. Tokyo 10 (1964), 88 - 123 

[Wol] Wolf, J. Spaces of constant curvature, fifth edition. Publish or Perish, Inc. (1984) 

Christian Groft 
Ernst Heintze 

Institut fiir Mathematik, Universitat Augsburg 

Universitatsstrasse 14 

D - 86159 Augsburg, Germany 

e-mail: gross@math.uni-augsburg.de 

heintze@math.uni-augsburg.de 



